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Abstract. We give algebraic and geometric classifications of 4-dimensional complex nilpotent terminal algebras. Specifically, we
find that, up to isomorphism, there are 41 one-parameter families of 4-dimensional nilpotent terminal (non-Leibniz) algebras, 18
two-parameter families of 4-dimensional nilpotent terminal (non-Leibniz) algebras, 2 three-parameter families of 4-dimensional
nilpotent terminal (non-Leibniz) algebras, complemented by 21 additional isomorphism classes (see Theorem 13). The corre-
sponding geometric variety has dimension 17 and decomposes into 3 irreducible components determined by the Zariski closures
of a one-parameter family of algebras, a two-parameter family of algebras and a three-parameter family of algebras (see Theo-
rem 15). In particular, there are no rigid 4-dimensional complex nilpotent terminal algebras.
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INTRODUCTION
Algebraic classification (up to isomorphism) of algebras of small dimension from a certain variety defined by a family of
polynomial identities is a classic problem in the theory of non-associative algebras. There are many results related to algebraic
classification of small dimensional algebras in varieties of Jordan, Lie, Leibniz, Zinbiel and other algebras. Another interesting
approach of studying algebras of a fixed dimension is to study them from a geometric point of view (that is, to study degenerations
and deformations of these algebras). The results in which the complete information about degenerations of a certain variety is
obtained are generally referred to as the geometric classification of the algebras of these variety. There are many results related
to geometric classification of Jordan, Lie, Leibniz, Zinbiel and other algebras [1, 17, 23, 24].
In 1972, Kantor introduced the notion a conservative algebra as a generalization of Jordan algebras [18]. Unlike other classes
of non-associative algebras, this class is not defined by a set of identities. To introduce the notion of a conservative algebra, we
need some notation. Let V be a vector space, let A be a linear operator on V, and let B and C be bilinear operators on V. For all
x, y, z ∈ V, put
[B, x](y) = B(x, y),
[A,B](x, y) = A(B(x, y)) −B(A(x), y) −B(x,A(y)),
[B,C](x, y, z) = B(C(x, y), z) +B(x,C(y, z)) +B(y, C(x, z))
−C(B(x, y), z)− C(x,B(y, z))− C(y,B(x, z)).
Consider an algebra as a vector space V over a field C, together with an element µ ofHom(V⊗V,V), so that a ·b = µ(a⊗b).
For an algebra (V,P) with a multiplication P and x ∈ V we denote by LPx the operator of left multiplication by x. Thus, Kantor
defines conservative algebras as follows:
Definition 1. An algebra (V,P), where V is the vector space and P is the multiplication, is called a conservative algebra if there
is a new multiplication P∗ : V× V→ V such that
(1) [LPb , [L
P
a ,P]] = −[LPP∗(a,b),P], for all a, b ∈ V.
1The first part of this work is supported by FAPESP 16/16445-0, 18/15712-0, 18/09299-2; CNPq 451499/2018-2, 404649/2018-1; the President’s ”Program
Support of Young Russian Scientists” (grant MK-2262.2019.1); by CMUP (UID/MAT/00144/2019), which is funded by FCT with national (MCTES) and
European structural funds through the programs FEDER, under the partnership agreement PT2020; by the Fundac¸a˜o para a Cieˆncia e a Tecnologia (Portuguese
Foundation for Science and Technology) through the project PTDC/MAT-PUR/31174/2017. The second part of this work is supported by the Russian Science
Foundation under grant 19-71-10016. The authors thank Abror Khudoyberdiyev for constructive comments.
2Corresponding Author: Ivan Kaygorodov - kaygorodov.ivan@gmail.com
1
2Simple calculations take us to the following identity with an additional multiplication P∗, which must hold for all a, b, x, y ∈ V:
b(a(xy)− (ax)y − x(ay)) − a((bx)y) + (a(bx))y + (bx)(ay)− a(x(by)) + (ax)(by) + x(a(by)) =
= −P∗(a, b)(xy) + (P∗(a, b)x)y + x(P∗(a, b)y).(2)
The class of conservative algebras is very vast. It includes all associative algebras, all quasi-associative algebras, all Jordan
algebras, all Lie algebras, all (left) Leibniz algebras, all (left) Zinbiel algebras, and many other classes of algebras. On the other
side, all conservative algebras are ”rigid” (by Cantarini and Kac) algebras [5].
However, this class is very hard to study and for now even the basic general questions about it remain unanswered, so it is
a good idea to study its subclasses which are sufficiently wide but easier to deal with. In [19] Kantor, studying the generalized
TKK functor, introduced the class of terminal algebras which is a subclass of the class of conservative algebras.
Definition 2. An algebra (V,P), where V is a vector space and P is a multiplication, is called a terminal algebra if for all a ∈ V
we have
(3) [[[P, a],P],P] = 0.
Note that we can expand the relation (3), obtaining an identity of degree 4. Therefore, the class of terminal algebras is a
variety. Also, about terminal and conservative algebras see, for example [4, 20, 22].
The following remark is obtained by straightforward calculations.
Remark 3. A commutative algebra satisfying (3) is a Jordan algebra.
Aside from Jordan algebras, the class of terminal algebras includes all Lie algebras, all (left) Leibniz algebras and some other
types of algebras.
The following characterization of terminal algebras, proved by Kantor [19, Theorem 2], provides a description of this class as
a subclass of the class of conservative algebras.
Remark 4. An algebra (V,P) is terminal if and only if it is conservative and the multiplication in the associated superalgebra
P
∗ can be defined by
(4) P∗(x, y) =
2
3
P(x, y) +
1
3
P(y, x).
Our method of classification of nilpotent terminal algebras is based on the calculation of central extensions of smaller nilpotent
algebras from the same variety. The algebraic study of central extensions of Lie and non-Lie algebras has a very big story
[2, 14, 25]. Skjelbred and Sund used central extensions of Lie algebras for a classification of nilpotent Lie algebras [25]. After
that, using the method described by Skjelbred and Sund were described all non-Lie central extensions of all 4-dimensionalMalcev
algebras [14], all non-associative central extensions of 3-dimensional Jordan algebras, all anticommutative central extensions of
3-dimensional anticommutative algebras, all central extensions of 2-dimensional algebras [3].
The algebraic classification of nilpotent algebras will be achieved by the calculation of central extensions of algebras from
the same variety which have a smaller dimension. Central extensions of algebras from various varieties were studied, for ex-
ample, in [2, 25]. Skjelbred and Sund [25] used central extensions of Lie algebras to classify nilpotent Lie algebras. Using
the same method, all non-Lie central extensions of all 4-dimensional Malcev algebras [14], all non-associative central exten-
sions of all 3-dimensional Jordan algebras, all anticommutative central extensions of 3-dimensional anticommutative algebras,
all central extensions of 2-dimensional algebras [3] and some others were described. One can also look at the classification of 3-
dimensional nilpotent algebras [11], 4-dimensional nilpotent associative algebras [8], 4-dimensional nilpotent Novikov algebras,
4-dimensional nilpotent bicommutative algebras, 4-dimensional nilpotent commutative algebras in [11], 5-dimensional nilpo-
tent restricted Lie agebras [7], 5-dimensional nilpotent Jordan algebras, 5-dimensional nilpotent anticommutative algebras [11],
6-dimensional nilpotent Lie algebras [6, 9], 6-dimensional nilpotent Malcev algebras [15], 6-dimensional nilpotent Tortkara al-
gebras, 6-dimensional nilpotent binary Lie algebras [1].
In the present paper, we classify nilpotent terminal algebras of dimension less than or equal to 4, and obtain the complete
description of degenerations of these algebras.
1. THE ALGEBRAIC CLASSIFICATION OF NILPOTENT TERMINAL ALGEBRAS
1.1. Method of classification of nilpotent algebras. Throughout this paper, we use the notation andmethods described in [3,14]
and adapted for the terminal case with some modifications (see also [16] for a discussion of extensions of algebras in an arbitrary
nonassociative variety). Therefore, all statements in this subsection are given without proofs, which can be found in the papers
cited above.
Let A be a terminal algebra over C and V a vector space of dimension s over the same base field. Then the space Z2T(A,V)
is defined as the set of all maps θ : A×A→ V such that
θ(b, a(xy)− (ax)y − x(ay))− θ(a, (bx)y) + θ(a(bx), y) + θ(bx, ay)
−θ(a, x(by)) + θ(ax, (by)) + θ(x, (ab)y) = −θ(P∗(a, b), xy) + θ(P∗(a, b)x, y) + θ(x,P∗(a, b)y),
3where P∗ is given by (4). Its elements will be called cocycles. For a linear map f : A → V define δf : A × A → V by
δf(x, y) = f(xy). One can check that δf ∈ Z2T(A,V). Therefore, B2(A,V) = {θ = δf : f ∈ Hom(A,V)} is a subspace of
Z2T(A,V) whose elements are called coboundaries. We define the second cohomology space H
2
T(A,V) as the quotient space
Z2T(A,V)
/
B2(A,V). The equivalence class of θ ∈ Z2(A,V) in H2(A,V) will be denoted by [θ].
For a bilinear map θ : A×A→ V define on the linear spaceAθ := A⊕ V a bilinear product [−,−]θ by
[x+ x′, y + y′]θ = xy + θ(x, y) for all x, y ∈ A, x′, y′ ∈ V.
ThenAθ is an algebra called an s-dimensional central extension ofA by V. The following statement can be verified directly:
Lemma 5. The algebraAθ is terminal if and only if θ ∈ Z2T(A,V).
Recall that the annihilator of A is defined as the ideal Ann(A) = {x ∈ A : xA +Ax = 0}. Given θ ∈ Z2T(A,V), we call
the set Ann(θ) = {x ∈ A : θ(x,A) + θ(A, x) = 0} the annihilator of θ.
Lemma 6. Ann(Aθ) = (Ann(θ) ∩ Ann(A)) ⊕ V.
Therefore, 0 6= V ⊆ Ann(Aθ). The following lemma shows that every algebra with a nonzero annihilator can be obtained in
the way described above:
Lemma 7. LetA be an n-dimensional terminal algebra such that dim(Ann(A)) = m 6= 0. Then there exists, up to isomorphism,
a unique (n −m)-dimensional terminal algebra A′ and a bilinear map θ ∈ Z2T(A,V) with Ann(A′) ∩ Ann(θ) = 0, where V
is a vector space of dimensionm, such thatA ∼= A′θ and A/Ann(A) ∼= A′.
In particular, any finite-dimensional nilpotent algebra is a central extension of another nilpotent algebra of strictly smaller
dimension. Thus, to classify all nilpotent terminal algebras of a fixed dimension, we need to classify cocycles of nilpotent
terminal algebras A′ of smaller dimension (with an additional condition Ann(A′) ∩ Ann(θ) = 0) and central extensions that
arise from them.
We can reduce the class of extensions that we need to consider.
Definition 8. Let A be an algebra and I be a subspace of Ann(A). If A = A0 ⊕ I then I is called an annihilator component
ofA. A central extension of an algebraA without an annihilator component is called a non-split central extension.
Clearly, we are only interested in non-split extensions (in the contrary case we can cut off annihilator components lying in V
until we obtain a non-split extension).
Let us fix a basis e1, . . . , es of V, and θ ∈ Z2T(A,V). Then θ can be uniquely written as θ(x, y) = θ(x, y) =
∑s
i=1 θi(x, y)ei,
where θi ∈ Z2T(A,C). Moreover, Ann(θ) = Ann(θ1) ∩ Ann(θ2) ∩ · · · ∩ Ann(θs). Further, θ ∈ B2(A,V) if and only if all
θi ∈ B2(A,C). Using this presentation, one can determine whether the extension corresponding to a cocycle θ is split:
Lemma 9. [14, Lemma 13] Let θ(x, y) =
∑s
i=1 θi(x, y)ei ∈ Z2T(A,V) be such that Ann(θ) ∩ Ann(A) = 0. Then Aθ has an
annihilator component if and only if [θ1], [θ2], . . . , [θs] are linearly dependent in H
2
T(A,C).
Some cocycles give rise to isomorphic extensions:
Lemma 10. Let θ, ϑ ∈ Z2T(A,V) be such that [θ] = [ϑ]. Then Aθ ∼= Aϑ.
By above, the isomorphism classes of extensions correspond to certain equivalence classes on H2T(A,V). These classes can
be given in terms of actions of certain groups on this space. In particular, let Aut(A) be the automorphism group of A, let
φ ∈ Aut(A), and let ψ ∈ GL(V). For θ ∈ Z2T(A,V) define
φθ(x, y) = θ(φ(x), φ(y)), ψθ(x, y) = ψ(θ(x, y)).
Then φθ, ψθ ∈ Z2T(A,V). Hence, Aut(A) and GL(V) act on Z2T(A,V). It is easy to verify that B2(A,V) is invariant under
both actions. Therefore, we have induced actions on H2T(A,V).
Lemma 11. Let θ, ϑ ∈ Z2T(A,V) be such that Ann(Aθ) = Ann(Aϑ) = V. Then Aθ ∼= Aϑ if and only if there exist a
φ ∈ Aut(A), ψ ∈ GL(V) such that [φθ] = [ψϑ].
Now we rewrite the above lemma in a form more suitable for computations.
Let U be a finite-dimensional vector space over C. The GrassmannianGk(U) is the set of all k-dimensional linear subspaces
of V. Let Gs(H
2
T(A,C)) be the Grassmannian of subspaces of dimension s in H
2
T(A,C). There is a natural action of Aut(A)
on Gs(H
2
T(A,C)) : for φ ∈ Aut(A),W = 〈[θ1], [θ2], . . . , [θs]〉 ∈ Gs(H2T(A,C)), define
φW = 〈[φθ1], [φθ2], . . . , [φθs]〉.
4Note that this action is compatible with the action ofAut(A) onH2T(A,V) and the above presentation of a cocycle as a collection
of s elements of H2T(A,C). Denote the orbit ofW under the action of Aut(A) by Orb(W ). It is easy to check that given two
bases of a subspace
W = 〈[θ1], [θ2], . . . , [θs]〉 = 〈[ϑ1], [ϑ2], . . . , [ϑs]〉 ∈ Gs(H2(A,C)),
we have ∩si=1 Ann(θi) ∩ Ann(A) = ∩si=1 Ann(ϑi) ∩ Ann(A). Therefore, we can introduce the set
Ts(A) =
{
W = 〈[θ1], [θ2], . . . , [θs]〉 ∈ Gs(H2(A,C)) : ∩si=1 Ann(θi) ∩Ann(A) = 0
}
,
which is stable under the action of Aut(A).
Let us denote by E(A,V) the set of all non-split central extensions ofA by V. By Lemmas 6 and 9, we can write
E(A,V) =
{
Aθ : θ(x, y) =
s∑
i=1
θi(x, y)ei and 〈[θ1], [θ2], . . . , [θs]〉 ∈ Ts(A)
}
.
Also, we have the next result, which can be proved as [14, Lemma 17].
Lemma 12. Let θ(x, y) =
∑s
i=1 θi(x, y)ei and ϑ(x, y) =
∑s
i=1 ϑi(x, y)ei be such thatAθ,Aϑ ∈ E(A,V). Then the algebras
Aθ and Aϑ are isomorphic if and only if
Orb〈[θ1], [θ2], . . . , [θs]〉 = Orb〈[ϑ1], [ϑ2], . . . , [ϑs]〉.
Thus, there exists a one-to-one correspondence between the set of Aut(A)-orbits on Ts(A) and the set of isomorphism
classes of E(A,V). Consequently, we have a procedure that allows us, given a terminal algebraA′ of dimension n, to construct
all non-split central extensions ofA′. This procedure is as follows:
Procedure
(1) For a given (nilpotent) terminal algebraA′ of dimension n− s, determine Ts(A′) and Aut(A′).
(2) Determine the set of Aut(A′)-orbits on Ts(A′).
(3) For each orbit, construct the terminal algebra corresponding to one of its representatives.
The above described method gives all (Leibniz and non-Leibniz) terminal algebras. But we are interested in developing
this method in such a way that it only gives non-Leibniz terminal algebras, because the classification of all Leibniz algebras is
given in [10]. Clearly, any central extension of a non-Leibniz terminal algebra is non-Leibniz. But a Leibniz algebra may have
extensions which are not Leibniz algebras. More precisely, let L be a Leibniz algebra and θ ∈ Z2T(L,C). Then Lθ is a Leibniz
algebra if and only if
θ(x, yz) = θ(xy, z) + θ(y, xz)
for all x, y, z ∈ L. Define the subspace Z2L(L,C) of Z2T(L,C) by
Z2L(L,C) =
{
θ ∈ Z2T(L,C) : θ(x, yz) = θ(xy, z) + θ(y, xz) for all x, y, z ∈ L
}
.
Observe that B2(L,C) ⊆ Z2L(L,C). Let H2L(L,C) = Z2L(L,C)
/
B2(L,C). Then H2L(L,C) is a subspace of H
2
T(L,C). Define
Rs(L) =
{
W ∈ Ts(L) : W ∈ Gs(H2L(L,C))
}
,
Us(L) =
{
W ∈ Ts(L) : W /∈ Gs(H2L(L,C))
}
.
Then Ts(L) = Rs(L) ·∪Us(L). The setsRs(L) andUs(L) are stable under the action of Aut(L). Thus, the terminal algebras
corresponding to the representatives of Aut(L)-orbits on Rs(L) are Leibniz algebras, while those corresponding to the repre-
sentatives of Aut(L)-orbits on Us(L) are not Leibniz algebras. Hence, we may construct all non-split non-Leibniz terminal
algebrasA of dimension n with s-dimensional annihilator from a given terminal algebraA′ of dimension n− s in the following
way:
(1) IfA′ is non-Leibniz, then apply the Procedure.
(2) Otherwise, do the following:
(a) DetermineUs(A
′) and Aut(A′).
(b) Determine the set of Aut(A′)-orbits onUs(A′).
(c) For each orbit, construct the terminal algebra corresponding to one of its representatives.
51.2. Notations. Let us introduce the following notations. Let A be a terminal algebra with a basis e1, e2, . . . , en. Then by ∆ij
we will denote the bilinear form∆ij : A×A −→ C with∆ij(el, em) = δilδjm. The set {∆ij : 1 ≤ i, j ≤ n} is a basis for the
linear space of bilinear forms on A, so every θ ∈ Z2(A,V) can be uniquely written as θ = ∑ni,j=1cij∆ij , where cij ∈ C.We
also denote by
T
i∗
j the jth i-dimensional nilpotent Leibniz algebra,
T
i
j the jth i-dimensional nilpotent non-Leibniz terminal algebra,
Ni the i-dimensional algebra with zero product,
(A)i,j jth i-dimensional central extension ofA.
Also, it is easy to see that every central extension ofNi is a Leibniz algebra.
1.3. The algebraic classification of 3-dimensional nilpotent terminal algebras. Observe that a 2-dimensional nilpotent alge-
bra is eitherN2, or is isomorphic to
T
2∗
01 : e1e1 = e2.
Both of these algebras are nilpotent of index less than 4, and hence are terminal. All central extensions of 2-dimensional nilpotent
algebras were described in [3]. By a direct verification, we have the following list of all 3-dimensional nilpotent terminal algebras
with annihilator of codimension 1 or 2
T
3∗
01 : T
2∗
01 ⊕N1 : e1e1 = e2;
T
3∗
02 : (N2)3,1 : e1e1 = e3, e2e2 = e3;
T
3∗
03 : (N2)3,2 : e1e2 = e3, e2e1 = −e3;
T
3∗
04(λ) : (N2)3,3 : e1e1 = λe3, e2e1 = e3, e2e2 = e3;
T
3∗
05 : (T
2∗
01)3,1 : e1e1 = e2, e1e2 = e3;
T
3
01(λ) : (T
2∗
01)3,2 : e1e1 = e2, e1e2 = λe3, e2e1 = e3.
(5)
Notice that only T301(λ) from list (5) is non-Leibniz.
1.4. The algebraic classification of 4-dimensional nilpotent terminal algebras. Analyzing the list of all the 4-dimensional
nilpotent algebras with annihilator of codimension 2, we have only one terminal non-Leibniz algebra:
T
4
02 : (T
2∗
01)4,1 : e1e1 = e2, e1e2 = e4, e2e1 = e3.
To complete the algebraic classification of 4-dimensional nilpotent terminal algebras, we need to describe all the 1-dimensional
terminal non-Leibniz extensions of the algebras from the table (5). This is done in Subsections 1.4.1–1.4.6 and summarized in
the main theorem of the first part of the paper.
Theorem 13. Let A be a 4-dimensional nilpotent non-Leibniz terminal algebra over C. Then A is isomorphic to one of the
algebrasT401 −T444 orD401 −D440 found below.
Proof. The proof is split into several steps presented in Subsections 1.4.1–1.4.6 below.

1.4.1. Automorphism and cohomology groups of 3-dimensional nilpotent terminal algebras.
A AutA Z2T(A) H
2
T(A)
T
3∗
01

x 0 0y x2 u
z 0 v

 〈 ∆11,∆12,∆13,∆21,
∆23,∆31,∆32,∆33
〉 〈
[∆12], [∆13], [∆21], [∆23]
[∆31], [∆32], [∆33]
〉
T
3∗
02

 x y 0(−1)n+1y (−1)nx 0
z u x2 + y2

 〈 ∆11,∆12,∆13,∆21
∆22,∆23,∆31,∆32
〉 〈
[∆11], [∆12], [∆13], [∆21]
[∆23], [∆31], [∆32]
〉
T
3∗
03

x y 0z u 0
v w xu− yz

 〈 ∆11,∆12,∆13,∆21
∆22,∆23,∆31,∆32
〉 〈
[∆11], [∆12], [∆13], [∆22]
[∆23], [∆31], [∆32]
〉
T
3∗
04

 x y 0−λy x− y 0
z u x2 − xy + λy2

 〈 ∆11,∆12,∆13,∆21
∆22,∆23,∆31,∆32
〉 〈
[∆11], [∆12], [∆13], [∆21]
[∆23], [∆31], [∆32]
〉
T
3∗
05

x 0 0y x2 0
z xy x3

 〈 ∆11,∆12,∆13,
∆21,∆22 − 3∆31
〉 〈
[∆13], [∆21],
[∆22] − 3[∆31]
〉
T
3
01

x 0 0y x2 0
z (λ + 1)xy x3




〈 ∆11,∆12,−∆13 + 3∆31,
∆21,∆13 +∆22,∆23
〉
λ = 0
〈 ∆11,∆12, (λ− 1)∆13 + 3∆31,
∆21,∆13 +∆22
〉
λ 6= 0


〈 [∆12],−[∆13] + 3[∆31],
[∆13] + [∆22], [∆23]
〉
λ = 0
〈 [∆12], (λ− 1)[∆13] + 3[∆31],
[∆13] + [∆22]
〉
λ 6= 0
Since the algebrasT3∗01,T
3∗
02,T
3∗
03,T
3∗
04 andT
3∗
05 are Leibniz, it is natural to find the relation between the Leibniz and terminal
cohomologies of these algebras in order to exclude those cocycles which give Leibniz algebras.
6A H2L(A) H
2
T(A)
T
3∗
01 〈[∆12], [∆13], [∆31], [∆33]〉 H2L(A) ⊕ 〈[∆21], [∆23], [∆32]〉
T
3∗
02 〈[∆11], [∆12], [∆21]〉 H2L(A)⊕ 〈[∆13], [∆23], [∆31], [∆32]〉
T
3∗
03
〈 [∆11], [∆12], [∆13]− [∆31],
[∆22], [∆23]− [∆32]
〉
H2L(A)⊕ 〈[∆31], [∆32]〉
T
3∗
04
{
〈[∆11], [∆12], [∆21]〉, λ 6= 0
〈[∆11], [∆12], [∆21], [∆23]〉, λ = 0
{
H2L(A)⊕ 〈[∆13], [∆23], [∆31], [∆32]〉, λ 6= 0
H2L(A)⊕ 〈[∆13], [∆31], [∆32]〉, λ = 0
T
3∗
05 〈[∆13]〉 H2L(A) ⊕ 〈[∆21], [∆22]− 3[∆31]〉
1.4.2. 1-dimensional central extensions ofT3∗01. Let us use the following notations:
∇1 = [∆12],∇2 = [∆13],∇3 = [∆31],∇4 = [∆33],∇5 = [∆21],∇6 = [∆23],∇7 = [∆32].
Take θ =
∑7
i=1 αi∇i ∈ H2T(T3∗01). If
φ =

x 0 0y x2 u
z 0 v

 ∈ AutT3∗01,
then
φT

 0 α1 α2α5 0 α6
α3 α7 α4

φ =

α∗ α∗1 α∗2α∗5 α∗∗ α∗6
α∗3 α
∗
7 α
∗
4

 ,
where
α∗1 = x
2(α1x+ α7z),
α∗2 = u(α1x+ α7z) + v(α2x+ α6y + α4z),
α∗3 = u(α5x+ α6z) + v(α3x+ α7y + α4z),
α∗4 = v((α6 + α7)u+ α4v),
α∗5 = x
2(α5x+ α6z),
α∗6 = α6x
2v,
α∗7 = α7x
2v.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
7∑
i=1
α∗i∇i.
We are interested in θ with (α5, α6, α7) 6= (0, 0, 0). Moreover, the condition θ ∈ T1(T3∗01) gives us (α2, α3, α4, α6, α7) 6=
(0, 0, 0, 0, 0) and (α1 + γα2, α5 + γα3, α6, α7, α6 + γα4, α7 + γα4) 6= (0, 0, 0, 0, 0, 0) for all γ ∈ C.
(1) Let α6 6= 0, α7 6= 0 and α1α6 − α5α7 = 0. Taking v = 1x2α7 , z = −xα1α7 and y =
x(α1α4−α3α7)
α27
, we get the family of
representatives
〈α⋆2∇2 + α⋆4∇4 + α⋆6∇6 +∇7〉,
where
α⋆2 =
1
α37x
(α1α4α6 − α1α4α7 − α3α6α7 + α2α27),
α⋆4 =
1
α27x
4
(ux2α7(α6 + α7) + α4),
α⋆6 =
α6
α7
.
(a) α6 6= −α7 and α1α4α6 − α1α4α7 − α3α6α7 + α2α27 6= 0. Then choosing u = − α4x2α7(α6+α7) , where x is such
that α⋆2 = 1, we have the family of representatives 〈∇2 + α∇6 +∇7〉α6=−1,0.
(b) α6 6= −α7 and α1α4α6−α1α4α7−α3α6α7 +α2α27 = 0. Then choosing u = − α4x2α7(α6+α7) , we have the family
of representatives 〈α∇6 +∇7〉α6=−1,0.
(c) α6 = −α7, α4 = 0 and α2 6= −α3. Then choosing x = α2+α3α7 , we have the representative 〈∇2 − ∇6 + ∇7〉,
which will be joined with the family 〈∇2 + α∇6 +∇7〉α6=−1,0.
(d) α6 = −α7, α4 = 0 and α2 = −α3. Then we have the representative 〈−∇6 +∇7〉, which will be joined with the
family 〈α∇6 +∇7〉α6=−1,0.
(e) α6 = −α7 and α4 6= 0. Then choosing x = 4
√
α4
α27
, we have the family of representatives 〈α∇2 +∇4 −∇6 +∇7〉.
It gives only two distinct orbits with representatives 〈∇2 +∇4 −∇6 +∇7〉 and 〈∇4 −∇6 +∇7〉.
7(2) Let α6 6= 0, α7 6= 0 and α1α6 − α5α7 6= 0. Taking z = −α5xα6 , v = xα6α7 (α1α6 − α5α7), y = xα6α7 (α4α5 − α3α6),
and u = x
α6α
2
7
(α3α
2
6 − α2α6α7 + α4α5(α7 − α6)), we get the family of representatives
〈∇1 + α⋆4∇4 + α⋆6∇6 +∇7〉,
where
α⋆4 =
1
α37x
(α3α
2
6 + α1α4α7 + α3α6α7 − α2α6α7 − α2α27 − α4α5α6),
α⋆6 =
α6
α7
.
It gives two families of representatives of distinct orbits 〈∇1+α∇6+∇7〉α6=0 and 〈∇1+∇4+α∇6+∇7〉α6=0 depending
on whether α3α
2
6 + α1α4α7 + α3α6α7 − α2α6α7 − α2α27 − α4α5α6 = 0 or not.
(3) Let α6 = 0, α7 6= 0. Taking y = xα27 (α1α4+α4α5−α3α7), z = −
xα1
α7
, and u = −α4v
α7
we get a family of representatives
〈α⋆2∇2 + α⋆5∇5 +∇7〉,
where
α⋆2 =
1
xα27
(α2α7 − α1α4),
α⋆5 =
α5x
α7v
.
(a) α5 = 0 and α1α4 − α2α7 = 0. Then we have the representative 〈∇7〉, which will be joined with the family
〈α∇6 +∇7〉α6=0.
(b) α5 = 0 and α1α4 − α2α7 6= 0. Then choosing x = 1α27 (α2α7 − α1α4), we have the representative 〈∇2 + ∇7〉.
which will be joined with the family 〈∇2 + α∇6 +∇7〉α6=0,
(c) α5 6= 0 and α1α4−α2α7 6= 0. Then choosing x = 1α27 (α2α7−α1α4) and v =
α5α7x
2
α2α7−α1α4 we get the representative
〈∇2 +∇5 +∇7〉.
(d) α5 6= 0 and α1α4 − α2α7 = 0. Then choosing v = α5xα7 we get the representative 〈∇5 +∇7〉.
(4) α6 6= 0 and α7 = 0. Taking y = xα26 (α1α4 + α4α5 − α2α6), z = −
xα5
α6
, and u = −α4v
α6
we get the family of
representatives
〈α⋆1∇1 + α⋆3∇3 +∇6〉,
where
α⋆1 =
α1x
α6v
,
α⋆3 =
1
xα26
(α3α6 − α4α5).
(a) α1 6= 0 and α3α6 − α4α5 6= 0. Then we have the representative 〈∇1 +∇3 +∇6〉.
(b) α1 = 0 and α3α6 − α4α5 6= 0. Then we have the representative 〈∇3 +∇6〉.
(c) α1 6= 0 and α3α6 − α4α5 = 0. Then we have the representative 〈∇1 +∇6〉.
(d) α1 = 0 and α3α6 − α4α5 = 0. Then we have the representative 〈∇6〉.
(5) α5 6= 0, α6 = 0 and α7 = 0. Taking u = −vxα3−vzα4xα5 and x = 13√α5 , we get a family of representatives
〈α⋆1∇1 + α⋆2∇2 + α⋆4∇4 +∇5〉,
where
α⋆1 =
α1
α5
,
α⋆2 =
v
α25x
3
((α2α5 − α1α3)x + α4(α5 − α1)z),
α⋆4 =
α4v
2
α5x3
.
(a) α4 6= 0 andα1−α5 6= 0. Then choosing z = − (α2α5−α1α3)xα4(α1−α5) and v =
√
α5x3
α4
we have the family of representatives
of distinct orbits 〈α∇1 +∇4 +∇5〉α6=1.
(b) α4 = 0, α1 − α5 6= 0 and α2α5 − α1α3 = 0. Then we have the family of representatives of distinct orbits
〈α∇1 +∇5〉α6=1. The corresponding extensions are split.
(c) α4 = 0, α1 − α5 6= 0 and α2α5 − α1α3 = 0. Then we have the family of representatives of distinct orbits
〈α∇1 +∇2 +∇5〉α6=1.
8(d) α4 6= 0, α1 − α5 = 0 and α2 − α3 6= 0. Then choosing x = 1α4α5 (α2 − α3)2, v = 1α24α5 (α2 − α3)
3, u =
−α2−α3
α24α
2
5
(α24α5z + (α2 − α3)2α3) we have the representative 〈∇1 +∇2 +∇4 +∇5〉.
(e) α4 6= 0, α1 − α5 = 0 and α2 − α3 = 0. Then choosing v =
√
α5x3
α4
and u = − v
α5x
(α3x + α4z) we have the
representative 〈∇1 +∇4 +∇5〉, which will be joined with the family 〈α∇1 +∇4 +∇5〉α6=1.
(f) α4 = 0, α1 − α5 = 0 and α2 − α3 6= 0. Then choosing u = −α3vα5 and v =
α5x
2
α2−α3 we have the representative
〈∇1 +∇2 +∇5〉, which will be joined with the family 〈α∇1 +∇2 +∇5〉α6=1.
(g) α4 = 0, α1 − α5 = 0 and α2 − α3 = 0. Then choosing u = −α3vα5 we have the representative 〈∇1 +∇5〉, which
gives a split extension.
Summarizing, we have the following representatives of distinct orbits:
〈∇1 +∇4 + α∇6 +∇7〉α6=0,
〈∇1 + α∇6 +∇7〉α6=0,
〈∇2 +∇4 −∇6 +∇7〉,
〈∇2 +∇5 +∇7〉,
〈∇2 + α∇6 +∇7〉,
〈∇4 −∇6 +∇7〉,
〈∇5 +∇7〉,
〈α∇6 +∇7〉,
〈∇1 +∇6〉,
〈∇1 +∇3 +∇6〉,
〈∇3 +∇6〉,
〈∇6〉,
〈α∇1 +∇2 +∇5〉,
〈∇1 +∇2 +∇4 +∇5〉,
〈α∇1 +∇4 +∇5〉.
The corresponding algebras are:
T
4
03(α)α6=0 : e1e1 = e2, e1e2 = e4, e2e3 = αe4, e3e2 = e4, e3e3 = e4;
T
4
04(α)α6=0 : e1e1 = e2, e1e2 = e4, e2e3 = αe4, e3e2 = e4;
T
4
05 : e1e1 = e2, e1e3 = e4, e2e3 = −e4, e3e2 = e4, e3e3 = e4;
T
4
06 : e1e1 = e2, e1e3 = e4, e2e1 = e4, e3e2 = e4;
T
4
07(α) : e1e1 = e2, e1e3 = e4, e2e3 = αe4, e3e2 = e4;
T
4
08 : e1e1 = e2, e2e3 = −e4, e3e2 = e4, e3e3 = e4;
T
4
09 : e1e1 = e2, e2e1 = e4, e3e2 = e4;
T
4
10(α) : e1e1 = e2, e2e3 = αe4, e3e2 = e4;
T
4
11 : e1e1 = e2, e1e2 = e4, e2e3 = e4;
T
4
12 : e1e1 = e2, e1e2 = e4, e2e3 = e4, e3e1 = e4;
T
4
13 : e1e1 = e2, e2e3 = e4, e3e1 = e4;
T
4
14 : e1e1 = e2, e2e3 = e4;
T
4
15(α) : e1e1 = e2, e1e2 = αe4, e1e3 = e4, e2e1 = e4;
T
4
16 : e1e1 = e2, e1e2 = e4, e1e3 = e4, e2e1 = e4, e3e3 = e4;
T
4
17(α) : e1e1 = e2, e1e2 = αe4, e2e1 = e4, e3e3 = e4.
1.4.3. 1-dimensional central extensions ofT3∗02. Let us use the following notations:
∇1 = [∆11],∇2 = [∆12],∇3 = [∆21],∇4 = [∆13],∇5 = [∆23],∇6 = [∆31],∇7 = [∆32].
Take θ =
∑7
i=1 αi∇i ∈ H2T(T3∗02). If
φ =

 x y 0(−1)n+1y (−1)nx 0
z u x2 + y2

 ∈ AutT3∗02,
then
φT

α1 α2 α4α3 0 α5
α6 α7 0

φ =

α∗1 + α∗ α∗2 α∗4α∗3 α∗ α∗5
α∗6 α
∗
7 α
∗∗

 ,
where
α∗1 = α1(x
2 − y2) + 2(−1)n+1(α2 + α3)xy + (α4x+ (−1)n+1α5y + α6x+ (−1)n+1α7y)z
− (α4y + (−1)nα5x+ α6y + (−1)nα7x)u,
α∗2 = (−1)nα2x2 + α1xy + (−1)n+1α3y2 + (α4x+ (−1)n+1α5y)u+ (α6y + (−1)nα7x)z,
α∗3 = (−1)nα3x2 + α1xy + (−1)n+1α2y2 + (α4y + (−1)nα5x)z + (α6x+ (−1)n+1α7y)u,
α∗4 = (α4x+ (−1)n+1α5y)(x2 + y2),
α∗5 = (α4y + (−1)nα5x)(x2 + y2),
α∗6 = (α6x+ (−1)n+1α7y)(x2 + y2),
α∗7 = (α6y + (−1)nα7x)(x2 + y2).
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
7∑
i=1
α∗i∇i.
9We are interested in θ with (α4, α5, α6, α7) 6= (0, 0, 0, 0). The condition θ ∈ T1(T3∗02) does not give us any new restrictions
on parameters.
(1) α6 = 0 and α7 = 0. Then α4 6= 0 or α5 6= 0. If α4 6= 0 and α5 = 0, then choosing x = y = 1, we have α∗4 6= 0
and α∗5 6= 0. The same holds for α4 = 0 and α5 6= 0. Thus, we shall assume from the very beginning that α4 6= 0 and
α5 6= 0.
(a) α24 + α
2
5 6= 0. Then choosing x = (−1)n+1 α4yα5 , z =
(−1)ny
α5(α24+α
2
5)
(α1α
2
4 + 2(α2 + α3)α4α5 − α1α25) and u =
y
α5(α24+α
2
5)
(α2α
2
4 − α3α25 − α1α4α5) we obtain the representative 〈α⋆3∇3 + α⋆4∇4〉, where
α⋆3 =
(−1)ny2
α25
(α3α
2
4 − α1α4α5 − α2α25),
α⋆4 =
(−1)n+1y3
α35
(α24 + α
2
5)
2.
Thus, we have two representatives 〈∇4〉 and 〈∇3+∇4〉 depending on whether α3α24−α1α4α5−α2α25 = 0 or not.
(b) α24 + α
2
5 = 0. If α4 = −iα5, then choosing x = 0 and y = n = 1, we obtain α∗4 = iα∗5, so we shall assume from
the very beginning that α4 = iα5. Taking n = 0, u =
i(α2x
2+α1xy−α3y2)
α5(x+iy)
and z = −α3x2+α1xy−α2y2
α5(x+iy)
we have the
representative 〈α⋆1∇1 + i∇4 +∇5〉, where
α⋆1 =
x− iy
α5(x+ iy)2
(α1 − iα2 − iα3).
Thus, we have two representatives 〈i∇4 +∇5〉 and 〈∇1 + i∇4 +∇5〉 depending on whether α1 − iα2 − iα3 = 0
or not.
(2) α6 6= 0 or α7 6= 0, and α26 + α27 6= 0. Then we may make α6 6= 0 and α7 6= 0. After that, if we choose x =
(−1)n+1 α6y
α7
6= 0, then x2 + y2 = y2
α27
(α26 + α
2
7) 6= 0, α∗6 = (−1)
n+1y3
α37
(α26 + α
2
7)
2 6= 0 and α∗7 = 0. Thus, we shall
assume that α6 6= 0 and α7 = 0 from the very beginning. Taking y = 0, we get α∗7 = 0 and
α∗1 = x(xα1 + (−1)n+1uα5 + z(α4 + α6)),
α∗2 = x((−1)nxα2 + uα4),
α∗3 = x((−1)nxα3 + (−1)nzα5 + uα6),
α∗4 = x
3α4,
α∗5 = (−1)nx3α5,
α∗6 = x
3α6.
Consider α∗2 = 0, α
∗
3 = 0 as a system of linear equations on z and u. Its determinant is (−1)n+1x2α4α5, so we have the
following cases (each of which defines an AutT3∗02-invariant subset):
(a) α4 6= 0 and α5 6= 0. Taking u = (−1)
n+1xα2
α4
, z = x(α2α6−α3α4)
α4α5
, we get α∗2 = 0, α
∗
3 = 0 and
α∗1 =
x2
α4α5
(α2α
2
5 − α3α24 + α1α4α5 + α2α4α6 − α3α4α6 + α2α26),
α∗4 = x
3α4,
α∗5 = (−1)nx3α5,
α∗6 = x
3α6.
Thus, we obtain two families of representatives of distinct orbits 〈∇1+α∇4+β∇5+∇6〉αβ 6=0,β∈C≥0 and 〈α∇4+
β∇5 +∇6〉αβ 6=0,β∈C≥0 .
(b) α4 6= 0 and α5 = 0. Taking u = (−1)
n+1xα2
α4
, we get α∗2 = 0 and
α∗1 = x(xα1 + z(α4 + α6)),
α∗3 =
(−1)nx2
α4
(α3α4 − α2α6),
α∗4 = x
3α4,
α∗6 = x
3α6.
(i) α4 + α6 6= 0. Taking z = − xα1α4+α6 , we get two series of representatives of distinct orbits 〈∇3 + α∇4 +
∇6〉α6=−1,0 and 〈α∇4 +∇6〉α6=−1,0.
(ii) α4+α6 = 0. In this case we get the series of representatives of distinct orbits 〈∇1+α∇3−∇4+∇6〉α∈C≥0
and two distinct representatives 〈∇3 − ∇4 +∇6〉 and 〈−∇4 +∇6〉, which will be joined with the families
〈∇3 + α∇4 +∇6〉α6=−1,0 and 〈α∇4 +∇6〉α6=−1,0 found above.
10
(c) α4 = 0 andα5 6= 0.Considerα∗1 = 0, α∗3 = 0 as a system of linear equations on z, u. Its determinant is x2(α25+α26).
(i) α25 + α
2
6 6= 0. Taking u = (−1)
nx(α1α5−α3α6)
α25+α
2
6
, z = −x(α3α5+α1α6)
α25+α
2
6
, we get α∗1 = α
∗
3 = 0 and
α∗2 = (−1)nx2α2,
α∗5 = (−1)nx3α5,
α∗6 = x
3α6.
Therefore, we have two series of representatives of distinct orbits 〈∇2+α∇5+∇6〉α∈C≥0,α6=0,i and 〈α∇5+
∇6〉α∈C≥0,α6=0,i.
(ii) α25 + α
2
6 = 0. We may assume that α5 = iα6 (if α5 = −iα6, then choose n = −1). Taking n = 0,
u = −xα3
α6
and z = 0, we get α3 = 0 and
α∗1 = x
2(α1 + iα3),
α∗2 = x
2α2,
α∗5 = ix
3α6,
α∗6 = x
3α6.
Therefore, we get the family of representatives of distinct orbits 〈∇1 + α∇2 + i∇5 +∇6〉 and two represen-
tatives 〈∇2 + i∇5+∇6〉, 〈i∇5 +∇6〉, which will be joined with the families 〈∇2 +α∇5 +∇6〉α∈C≥0,α6=0,i
and 〈α∇5 +∇6〉α∈C≥0,α6=0,i found above.
(d) α4 = 0 and α5 = 0. Taking z = −xα1α6 and u =
(−1)n+1xα3
α6
, we get α∗1 = α
∗
3 = 0 and
α∗2 = (−1)nx2α2,
α∗6 = x
3α6.
Therefore, we get two representatives 〈∇2 +∇6〉 and 〈∇6〉, which will be joined with the families 〈∇2 + α∇5 +
∇6〉α∈C≥0,α6=0,i and 〈α∇5 +∇6〉α∈C≥0,α6=0,i found above. Note that representatives 〈∇2 +∇6〉 and 〈∇6〉 define
the same orbit.
(3) α6 6= 0 or α7 6= 0, and α26 + α27 = 0. Then we may assume that α6 = iα7 6= 0.
(a) α4 6= ±iα5. We may assume that α4 6= 0 (otherwise α5 6= 0, so we may take x = y = 1 to make α∗4 6= 0).
Then choosing n = 0 and y = −xα5
α4
x, we get α∗4 =
x3
α34
(α24 + α
2
5)
2 6= 0 and α∗5 = 0, so we shall assume that
α4 6= 0 and α5 = 0 from the very beginning. Now, choosing n = y = 0, u = ixα3α7 , z = −
x(iα3α4+α2α7)
α27
, we get
α∗2 = α
∗
3 = α
∗
5 = 0 and
α∗1 =
x2
α27
(α3α4α7 + α1α
2
7 − α2α4α7 − iα3α24 − iα2α27 − iα3α27),
α∗4 = x
3α4,
α∗6 = ix
3α7,
α∗7 = x
3α7.
Thus, we get two series of representatives of distinct orbits 〈∇1+α∇4+i∇6+∇7〉α6=0 and 〈α∇4+i∇6+∇7〉α6=0.
(b) α4 = iα5. Then choosing n = 0 we have
α∗1 = x
2α1 − x(2y(α2 + α3) + (u − iz)(α5 + α7))− y(yα1 + (iu+ z)(α5 + α7)),
α∗2 = x
2α2 − y(yα3 + uα5 − izα7) + x(yα1 + iuα5 + zα7),
α∗3 = (x+ iy)zα5 + x(yα1 + xα3 + iuα7)− y(yα2 + uα7),
α∗4 = i(x+ iy)(x
2 + y2)α5,
α∗5 = (x+ iy)(x
2 + y2)α5,
α∗6 = i(x+ iy)(x
2 + y2)α7,
α∗7 = (x+ iy)(x
2 + y2)α7.
Consider α∗1 = 0, α
∗
3 = 0 as a system of linear equations in u, z. Its determinant is i(x+ iy)
2(α27 − α25).
(i) α25 − α27 6= 0. Then by choosing the appropriate values of u and z we get α∗1 = 0, α∗3 = 0, α∗2 = i(iα1 +
α2 + α3)(x − iy)2 and α∗4, α∗5, α∗6, α∗7 as above. Therefore, we have two series of representatives of distinct
orbits 〈∇2 + iα∇4 + α∇5 + i∇6 +∇7〉α6=±1 and 〈iα∇4 + α∇5 + i∇6 +∇7〉α6=±1.
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(ii) α5 = α7. Then taking n = 0, z =
−xyα1+y2α2−x2α3−iuxα7+uyα7
(x+iy)α7
we get α∗3 = 0 and
α∗1 = (x− iy)(x(α1 − 2iα3)− y(iα1 + 2α2)),
α∗2 = (x
2 + y2)(α2 − α3),
α∗4 = i(x+ iy)(x
2 + y2)α7,
α∗5 = (x+ iy)(x
2 + y2)α7,
α∗6 = i(x+ iy)(x
2 + y2)α7,
α∗7 = (x+ iy)(x
2 + y2)α7.
(A) iα1 + α2 + α3 6= 0, α2 − α3 6= 0 and iα1 + 2α2 6= 0. Then taking y = (α1−2iα3)xiα1+2α2 we get the
representative 〈α⋆2∇2 + i∇4 +∇5 + i∇6 +∇7〉, where
α⋆2 =
(iα1 + 2α2)(α2 − α3)
2α7x(iα1 + α2 + α3)
.
So, choosing the appropriate value of x, we get the representative 〈∇2 + i∇4 +∇5 + i∇6 +∇7〉.
(B) iα1 + α2 + α3 = 0. Then we have
α∗1 = i(x
2 + y2)(α2 − α3),
α∗2 = (x
2 + y2)(α2 − α3),
Therefore, we get two representatives 〈i∇1+∇2+ i∇4+∇5+ i∇6+∇7〉 and 〈i∇4+∇5+ i∇6+∇7〉.
(C) α2−α3 = 0. Then α∗1 = (x− iy)2(α1− 2iα3), and we have only one new representative 〈∇1+ i∇4+
∇5 + i∇6 +∇7〉.
(D) iα1 + 2α2 = 0. Then α
∗
1 = x(x − iy)(α1 − 2iα3), so choosing x = 0 we have two representatives
〈∇2 + i∇4 +∇5 + i∇6 +∇7〉 and 〈i∇4 +∇5 + i∇6 +∇7〉 found above.
(iii) α5 = −α7. Then taking n = 0 and z = xyα1−y
2α2+x
2α3+iuxα7−uyα7
(x+iy)α7
we get α∗3 = 0 and
α∗1 = (x
2 − y2)α1 − 2xy(α2 + α3),
α∗2 = (x
2 − y2)(α2 + α3) + 2xyα1,
α∗4 = −i(x+ iy)(x2 + y2)α7,
α∗5 = −(x+ iy)(x2 + y2)α7,
α∗6 = i(x+ iy)(x
2 + y2)α7,
α∗7 = (x+ iy)(x
2 + y2)α7.
(A) (α1, α2 + α3) 6= (0, 0) and α21 + (α2 + α3)2 6= 0. Then we may assume that α1 6= 0 and α2 + α3 6= 0.
In this case the equality α∗1 = 0 has two distinct roots y1 = µ1x and y2 = µ2x, where at least one of
µ1, µ2 is different from ±i (otherwise α2 + α3 = 0). Let µ1 6= ±i. Then choosing y = µ1x we get
α∗1 = 0. Observe that in this case x
2+y2 6= 0 and α1 = 2(α2+α3)µ11−µ21 . Substituting this into α
∗
2, we obtain
α∗2 =
x2(1+µ21)
2(α2+α3)
1−µ21 6= 0. Therefore, we have the representative 〈∇2 − i∇4 −∇5 + i∇6 +∇7〉.
(B) α2 + α3 6= 0 and α1 = ±i(α2 + α3) 6= 0. Then we get
α∗1 = ±i(x± iy)2(α2 + α3),
α∗2 = (x± iy)2(α2 + α3),
so we obtain two representatives 〈i∇1+∇2− i∇4−∇5+ i∇6+∇7〉 and 〈−i∇1+∇2− i∇4−∇5+
i∇6 +∇7〉.
(C) (α1, α2 + α3) = (0, 0). Then we get the representative 〈−i∇4 −∇5 + i∇6 +∇7〉.
(c) α4 = −iα5. Choosing n = 0, we have
α∗1 = x
2α1 − x(2y(α2 + α3) + iz(α5 − α7) + u(α5 + α7))− y(yα1 − iu(α5 − α7) + z(α5 + α7)),
α∗2 = x
2α2 − y(yα3 + uα5 − izα7) + x(yα1 − iuα5 + zα7),
α∗3 = (x− iy)zα5 + x(yα1 + xα3 + iuα7)− y(yα2 + uα7),
α∗4 = −i(x− iy)(x2 + y2)α5,
α∗5 = (x− iy)(x2 + y2)α5,
α∗6 = i(x+ iy)(x
2 + y2)α7,
α∗7 = (x+ iy)(x
2 + y2)α7.
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Consider α∗2 = 0, α
∗
3 = 0 as a linear system in u, z. Its determinant is −i((x − iy)2α25 + (x + iy)2α27). So, we
may choose x, y such that x2 + y2 6= 0,−i((x− iy)2α25 + (x + iy)2α27) 6= 0 and u and z to make α∗2 = α∗3 = 0.
Observe that this does not change the conditions on α4, α5, α6, α7. So, we may assume that α2 = α3 = 0 from the
very beginning. We may also suppose that α5 + α7 6= 0.
(i) α5 6= 0. Then taking y = α5−α7i(α5+α7)x we may make α∗5 = α∗7, so we shall assume α5 = α7. Now, choosing
n = y = u = z = 0, we get
α∗1 = x
2α1,
α∗4 = −ix3α7,
α∗5 = x
3α7,
α∗6 = ix
3α7,
α∗7 = x
3α7.
Therefore, we get two representatives 〈∇1 − i∇4 +∇5 + i∇6 +∇7〉 and 〈−i∇4 +∇5 + i∇6 +∇7〉.
(ii) α5 = 0. Then α4 = 0, so that α
∗
4 = α
∗
5 = 0. Choosing n = 0 and the appropriate values of u and z we have
α∗2 = α
∗
3 = 0 and
α∗1 = (x− iy)2α1,
α∗6 = i(x+ iy)(x
2 + y2)α7,
α∗7 = (x+ iy)(x
2 + y2)α7.
Therefore, we get two representatives 〈∇1+ i∇6+∇7〉 and 〈i∇6+∇7〉, which will be joined with the series
〈∇1+α∇4+i∇6+∇7〉α6=0 and 〈α∇4+i∇6+∇7〉α6=0. Note that by above representatives 〈∇1+i∇6+∇7〉
and 〈∇2 + i∇6 +∇7〉 define the same orbit.
Summarizing, we have the following distinct orbits
〈∇4〉, 〈∇3 +∇4〉, 〈∇1 + i∇4 +∇5〉, 〈i∇4 +∇5〉,
〈α∇4 + β∇5 +∇6〉β∈C≥0 , 〈∇1 + α∇4 + β∇5 +∇6〉αβ 6=0,β∈C≥0 ,
〈∇3 + α∇4 +∇6〉α6=0, 〈∇1 + α∇3 −∇4 +∇6〉α∈C≥0 , 〈∇1 + α∇2 + i∇5 +∇6〉, 〈∇2 + α∇5 +∇6〉α∈C≥0
〈∇1 + α∇4 + i∇6 +∇7〉, 〈α∇4 + i∇6 +∇7〉,
〈∇2 + iα∇4 + α∇5 + i∇6 +∇7〉α6=0, 〈iα∇4 + α∇5 + i∇6 +∇7〉α6=0,
〈i∇1 +∇2 + i∇4 +∇5 + i∇6 +∇7〉, 〈±i∇1 +∇2 − i∇4 −∇5 + i∇6 +∇7〉
The corresponding algebras are
T
4
18 : e1e1 = e3, e1e3 = e4, e2e2 = e3;
T
4
19 : e1e1 = e3, e1e3 = e4, e2e1 = e4, e2e2 = e3;
T
4
20 : e1e1 = e3 + e4, e1e3 = ie4, e2e2 = e3, e2e3 = e4;
T
4
21 : e1e1 = e3, e1e3 = ie4, e2e2 = e3, e2e3 = e4;
T
4
22(α, β)β∈C≥0 : e1e1 = e3, e1e3 = αe4, e2e2 = e3, e2e3 = βe4, e3e1 = e4;
T
4
23(α, β)β∈C≥0 : e1e1 = e3 + e4, e1e3 = αe4, e2e2 = e3, e2e3 = βe4, e3e1 = e4;
T
4
24(α) : e1e1 = e3, e1e3 = αe4, e2e1 = e4, e2e2 = e3, e3e1 = e4;
T
4
25(α)α∈C≥0 : e1e1 = e3 + e4, e1e3 = −e4, e2e1 = αe4, e2e2 = e3, e3e1 = e4;
T
4
26(α) : e1e1 = e3 + e4, e1e2 = αe4, e2e2 = e3, e2e3 = ie4, e3e1 = e4;
T
4
27(α)α∈C≥0 : e1e1 = e3, e1e2 = e4, e2e2 = e3, e2e3 = αe4, e3e1 = e4;
T
4
28(α) : e1e1 = e3 + e4, e1e3 = αe4, e2e2 = e3, e3e1 = ie4, e3e2 = e4;
T
4
29(α) : e1e1 = e3, e1e3 = αe4, e2e2 = e3, e3e1 = ie4, e3e2 = e4;
T
4
30(α) : e1e1 = e3, e1e2 = e4, e1e3 = iαe4, e2e2 = e3, e2e3 = αe4, e3e1 = ie4, e3e2 = e4;
T
4
31(α) : e1e1 = e3, e1e3 = iαe4, e2e2 = e3, e2e3 = αe4, e3e1 = ie4, e3e2 = e4;
T
4
32 : e1e1 = e3 + ie4, e1e2 = e4, e1e3 = ie4, e2e2 = e3, e2e3 = e4, e3e1 = ie4, e3e2 = e4;
T
4
33 : e1e1 = e3 + ie4, e1e2 = e4, e1e3 = −ie4, e2e2 = e3, e2e3 = −e4, e3e1 = ie4, e3e2 = e4;
T
4
34 : e1e1 = e3 − ie4, e1e2 = e4, e1e3 = −ie4, e2e2 = e3, e2e3 = −e4, e3e1 = ie4, e3e2 = e4.
The algebras above are pairwise non-isomorphic, except T423(α, 0)
∼= T422(α, 0) for α 6= −1, T423(−1, 0) ∼= T425(0),
T
4
23(0, β)
∼= T422(0, β) for β 6= i, T423(0, i) ∼= T426(0),T424(0) ∼= T422(0, 0),T430(0) ∼= T428(0),T431(0) ∼= T429(0).
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1.4.4. 1-dimensional central extensions ofT3∗03. Let us use the following notations
∇1 = [∆11],∇2 = [∆12],∇3 = [∆13]− [∆31],∇4 = [∆22],∇5 = [∆23]− [∆32],∇6 = [∆31],∇7 = [∆32].
Take θ =
∑7
i=1 αi∇i ∈ H2T(T3∗03). If
φ =

x y 0z u 0
v w xu− yz

 ∈ AutT3∗03,
then
φT

 α1 α2 α30 α4 α5
α6 − α3 α7 − α5 0

φ =

 α∗1 α∗2 − α∗ α∗3α∗ α∗4 α∗5
α∗6 − α∗3 α∗7 − α∗5 α∗∗

 ,
where
α∗1 = α1x
2 + α2xz + α4z
2 + v(α6x+ α7z),
α∗2 = x(2α1y + α2u) + z(α2y + 2α4u) + w(α6x+ α7z) + v(α6y + α7u),
α∗3 = (α3x+ α5z)(xu− yz),
α∗4 = y(α1y + α2u) + α4u
2 + w(α6y + α7u),
α∗5 = (α3y + α5u)(xu − yz),
α∗6 = (α6x+ α7z)(xu− yz),
α∗7 = (α6y + α7u)(xu − yz).
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
7∑
i=1
α∗i∇i.
We are interested in θ with (α6, α7) 6= (0, 0).Moreover, the condition θ ∈ T1(T3∗03) gives us (α3, α5, α6 − α3, α7 − α5) 6=
(0, 0, 0, 0).
If α7 6= 0, then taking u = −α6yα7 we have α∗7 = 0, so we shall assume that α∗6 6= 0 and α∗7 = 0 from the very beginning.
Choosing y = 0, z = −α3x
α5
, u = α6x
α5
, v = x
α25α6
(α2α3α5 − α23α4 − α1α25), w = xα25 (2α3α4 − α2α5), we get the family of
representatives 〈 α4
α5x
∇4+∇5+∇6〉. It gives two distinct representatives 〈∇5+∇6〉 and 〈∇4+∇5+∇6〉 depending on whether
α4 = 0 or not.
The algebras corresponding to 〈∇4 +∇5 +∇6〉 and 〈∇5 +∇6〉 are:
T
4
35 : e1e2 = e3, e2e1 = −e3, e2e2 = e4, e2e3 = e4, e3e1 = e4, e3e2 = −e4;
T
4
36 : e1e2 = e3, e2e1 = −e3, e2e3 = e4, e3e1 = e4, e3e2 = −e4.
1.4.5. 1-dimensional central extensions ofT3∗04. Let us use the following notations
∇1 = [∆11],∇2 = [∆12],∇3 = [∆13],∇4 = [∆21],∇5 = [∆23],∇6 = [∆31],∇7 = [∆32].
Take θ =
∑7
i=1 αi∇i ∈ H2T(T3∗04). If
φ =

 x y 0−λy x− y 0
z u x2 − xy + λy2

 ∈ AutT304,
then
φT

α1 α2 α3α4 0 α5
α6 α7 0

φ =

α∗1 + λα∗ α∗2 α∗3α∗4 + α∗ α∗ α∗5
α∗6 α
∗
7 0

 ,
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where
α∗1 = α1x
2 + λ(−α1 + α2 + α4)y2 − 2λ(α2 + α4)xy + (α3 + α6)xz − (α5 + α7)yz
− λ(α5 + α7)ux+ λ(−α3 + α5 − α6 + α7)uy,
α∗2 = α2x
2 − λα4y2 + (α1 − α2)xy + α7xz + (α6 − α7)yz − α5λuy + α3ux,
α∗3 = (x
2 − xy + λy2)(α3x− λα5y),
α∗4 = α4x
2 + (−α1 + (1− λ)α2 + α4)y2 + (α1 − α2 − 2α4)xy + (α3 − α5)yz + α5xz
− α7λuy + (−α5 + α6 − α7)ux+ (−α3 + α5 − α6 + α7)uy,
α∗5 = (x
2 − xy + λy2)(α5x+ (α3 − α5)y),
α∗6 = (x
2 − xy + λy2)(α6x− λα7y),
α∗7 = (x
2 − xy + λy2)(α7x+ (α6 − α7)y).
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
7∑
i=1
α∗i∇i.
We are interested in θ with (α3, α5, α6, α7) 6= (0, 0, 0, 0) (if λ 6= 0) and (α3, α6, α7) 6= (0, 0, 0) (if λ = 0). Moreover, the
condition θ ∈ T1(T3∗04) gives us (α4, α5, α6, α7) 6= (0, 0, 0, 0).
(1) α7 6= 0. We have the following subcases.
(a) α26−α6α7+λα27 6= 0. Choosing x = − (α6−α7)yα7 , we have α∗7 = 0. Since (α∗6)2−α∗6α∗7+λ(α∗7)2 = (α26−α6α7+
λα27)(x
2 − xy + λy2)3, the condition α26 − α6α7 + λα27 6= 0 is invariant under the action of the automorphism
group. Thus, we may assume that α7 = 0 and α6 6= 0 from the very beginning. Then choosing y = 0 we obtain
α∗7 = 0 and
α∗1 = x(α1x+ (α3 + α6)z − λα5u),
α∗2 = x(α2x+ α3u),
α∗3 = α3x
3,
α∗4 = x(α4x+ α5z + (−α5 + α6)u),
α∗5 = α5x
3,
α∗6 = α6x
3.
(i) α5 6= 0 and α3 6= 0. Then we choose u = −α2xα3 and z = −
α4x+(−α5+α6)u
α5
and obtain the family of
representatives 〈α∇1 + β∇3 + γ∇5 +∇6〉β,γ 6=0. It gives two families of representatives of distinct orbits:
〈∇1 + α∇3 + β∇5 +∇6〉α,β 6=0 and 〈α∇3 + β∇5 +∇6〉α,β 6=0.
(ii) α5 6= 0 and α3 = 0. Then α∗3 = 0 and α∗4, α∗5, α∗6 are as above and
α∗1 = x(α1x+ α6z − λα5u),
α∗2 = α2x
2.
Choosing z = λα5u−α1x
α6
, we have α∗1 = 0. Now we have the following subcases:
(A) α26 − α5α6 + λα25 6= 0. Then choosing u = (α1α5−α4α6)xα26−α5α6+λα25 we have α
∗
4 = 0, so we obtain the family of
representatives 〈α∇2 + β∇5 +∇6〉1−β+λβ2 6=0. It determines two families of representatives of distinct
orbits: 〈∇2 + α∇5 +∇6〉α6=0,1−α+λα2 6=0 and 〈α∇5 +∇6〉α6=0,1−α+λα2 6=0.
(B) α26 − α5α6 + λα25 = 0.
If λ 6∈ {0, 14}, then we have two families of representatives of distinct orbits
〈
λ∇2 + λα∇4 +
1+
√
1−4λ
2 ∇5 + λ∇6
〉
,
〈
∇2 + α∇4 + 21+√1−4λ∇5 + ∇6
〉
and 4 separate representatives
〈
λ∇4 +
1+
√
1−4λ
2 ∇5 + λ∇6
〉
,
〈
∇4 + 21+√1−4λ∇5 +∇6
〉
,
〈
1±√1−4λ
2λ ∇5 +∇6
〉
, the last two belonging to the
family above.
If λ = 14 , then we have the family of representatives of distinct orbits 〈∇2+α∇4+2∇5+∇6〉 and two
separate representatives 〈∇4 + 2∇5 +∇6〉 and 〈2∇5 +∇6〉.
If λ = 0, then we have α5 = α6, so we obtain the family of representatives of distinct orbits 〈∇2 +
α∇4 +∇5 +∇6〉 and two separate representatives 〈∇4 +∇5 +∇6〉 and 〈∇5 +∇6〉.
(iii) α3 6= 0 and α5 = 0. Then α∗5 = 0, α∗2, α∗3 and α∗6 are as above and
α∗1 = x(α1x+ (α3 + α6)z),
α∗4 = x(α4x+ α6u).
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Choosing u = −α4x
α6
, we get α∗4 = 0. Now we have two subcases:
(A) α3 + α6 6= 0. Then choosing z = − α1xα3+α6 , we obtain two families of representatives of distinct orbits
〈∇2 + α∇3 +∇6〉α6∈{0,−1} and 〈α∇3 +∇6〉α6∈{0,−1}.
(B) α3 + α6 = 0. Then choosing z = 0, we have the family of representatives of distinct orbits 〈∇1 +
α∇2 − ∇3 +∇6〉 and two separate representatives 〈∇2 − ∇3 +∇6〉 and 〈−∇3 +∇6〉 which will be
joined with the families 〈∇2 + α∇3 +∇6〉α6∈{0,−1} and 〈α∇3 +∇6〉α6∈{0,−1} found above.
(iv) α3 = α5 = 0. Then α
∗
3 = α
∗
5 = 0, α
∗
6 is as above and
α∗1 = x(α1x+ α6z),
α∗2 = α2x
2,
α∗4 = x(α4x+ α6u).
Thus, choosing z = −α1x
α6
and u = −α4x
α6
, we have two representatives depending on whether α2 = 0 or
not: 〈∇2 + ∇6〉 and 〈∇6〉. They will be joined with the families 〈∇2 + α∇5 + ∇6〉α6=0,1−α+λα2 6=0 and
〈α∇5 +∇6〉α6=0,1−α+λα2 6=0 found above.
(b) α26 − α6α7 + λα27 = 0 and α5 6= 0 and α23 − α3α5 + λα25 6= 0. Then choosing x = − (α3−α5)yα5 , we get α∗5 = 0.
Since (α∗3)
2 − α∗3α∗5 + λ(α∗5)2 = (α23 − α3α5 + λα25)(x2 − xy + λy2)3 6= 0, we may assume that α5 = 0 and
α3 6= 0 from the very beginning. Then choosing y = 0 and z = −α2x+α3uα7 we have α∗2 = α∗5 = 0 and
α∗1 =
x
α7
((α1α7 − α2α3 − α2α6)x− (α23 + α3α6 − α26 + α6α7)u),
α∗3 = α3x
3,
α∗4 = x(α4x− (α6 − α7)u),
α∗6 = α6x
3,
α∗7 = α7x
3.
(i) α6 − α7 6= 0. Then choosing u = α4xα6−α7 we have α∗4 = 0.
If λ 6∈ {0, 14}, then we have four families of representatives of distinct orbits
〈
∇1 + α∇3 + 1±
√
1−4λ
2 ∇6 +
∇7
〉
α6=0
,
〈
α∇3 + 1±
√
1−4λ
2 ∇6 +∇7
〉
α6=0
.
If λ = 14 , then α
2
6 − α6α7 + λα27 = 0 implies α6 = 12α7, so α6 − α7 6= 0 is satisfied. Thus, we have two
families of representatives of distinct orbits 〈∇1 + α∇3 + 12∇6 +∇7〉α6=0 and 〈α∇3 + 12∇6 +∇7〉α6=0.
If λ = 0, then α26 − α6α7 + λα27 = 0 and α6 − α7 6= 0 imply that α6 = 0. Hence, we have two families of
representatives of distinct orbits 〈∇1 + α∇3 +∇7〉α6=0 and 〈α∇3 +∇7〉α6=0.
(ii) α6 − α7 = 0. Then α26 − α6α7 + λα27 = 0 and α7 6= 0 imply that λ = 0. Now,
α∗1 =
x
α7
((α1α7 − α2α3 − α2α7)x − α3(α3 + α7)u),
α∗3 = α3x
3,
α∗4 = α4x
2,
α∗6 = α7x
3,
α∗7 = α7x
3.
(A) α3 + α7 6= 0. Then choosing u = (α1α7−α2α3−α2α7)xα3(α3+α7) , we have α∗1 = 0. Thus, we obtain two families
of representatives of distinct orbits 〈α∇3 +∇4 +∇6 +∇7〉α6=0,−1 and 〈α∇3 +∇6 +∇7〉α6=0,−1.
(B) α3+α7 = 0. Then we obtain the family of representatives of distinct orbits 〈∇1−∇3+α∇4+∇6+∇7〉
and two separate representatives 〈−∇3 +∇4 +∇6 +∇7〉 and 〈−∇3+∇6+∇7〉, which will be joined
with the families 〈α∇3 +∇4 +∇6 +∇7〉α6=0,−1 and 〈α∇3 +∇6 +∇7〉α6=0,−1 found above.
(c) α26 − α6α7 + λα27 = 0 and α5 6= 0 and α23 − α3α5 + λα25 = 0. Choosing x, y such that (x2 − xy + λy2)(α7x+
(α6 − α7)y) = 1, we have (α3 − α5)y + α5x 6= 0, since otherwise x2 − xy + λy2 = (α23 − α3α5 + λα25) y
2
α25
= 0.
Now, the suitable value of z gives α∗4 = 0, so we shall assume α7 = 1 and α4 = 0 from the very beginning. The
equality α26 − α6α7 + λα27 = 0 takes the form α26 − α6 + λ = 0, whence λ = α6 − α26. On the other hand,
α23−α3α5 +λα25 = 0 implies λ = α3α5−α
2
3
α25
. Therefore, α6−α26 = α3α5−α
2
3
α25
, i.e. α23−α3α5 +α25(α6−α26) = 0.
This equation has two solutions in α3, namely, α3 = α5α6 and α3 = α5(1− α6).
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(i) α3 = α5α6. Then
α∗2 = (x + (α6 − 1)y)z + α5α6(x+ (α6 − 1)y)u+ α2x2 + α1xy − α2xy,
α∗4 = α5(x+ (α6 − 1)y)z + ((α6 − α5 − 1)x+ (α26 − α5α6 + α5 − 2α6 + 1)y)u
+ (α1 − α2)xy + (α2 + α2α26 − α1 − α2α6)y2.
We consider α∗2 = α
∗
4 = 0 as a system of linear equations in z and u. Its determinant is (α5 + 1)(α6 −
α5α6 − 1)(x+ (α6 − 1)y)2. So, we have the following cases:
(A) α5 + 1 6= 0 and α6 − α5α6 − 1 6= 0. Then choosing x, y such that x + (α6 − 1)y 6= 0, x − α6y 6= 0
and z, u such that α∗2 = α
∗
4 = 0 we obtain
α∗1 = (α1 − α2α6)(x− α6y)2,
α∗3 = α5α6(x− α6y)(x + (α6 − 1)y)2,
α∗5 = α5(x− α6y)(x+ (α6 − 1)y)2,
α∗6 = α6(x− α6y)(x+ (α6 − 1)y)2,
α∗7 = (x− α6y)(x+ (α6 − 1)y)2.
• Let α1 − α2α6 6= 0. Taking y = 0 and x = α1 − α2α6 we obtain the family of representatives
〈∇1 + αβ∇3 + α∇5 + β∇6 +∇7〉, where α 6∈ {0,−1}, β − αβ − 1 6= 0 and β2 − β + λ = 0.
If λ 6∈ {0, 14}, then β = 1±
√
1−4λ
2 . Observe that β 6= 0, so the condition β − αβ − 1 6= 0 is
equivalent to α 6= 1− 1
β
=
√
1−4λ∓1√
1−4λ±1 . Thus, we obtain two families
〈
∇1 + 1±
√
1−4λ
2 α∇3 + α∇5 +
1±√1−4λ
2 ∇6 +∇7
〉
α6∈
{
0,−1,
√
1−4λ∓1√
1−4λ±1
} of representatives of distinct orbits.
If λ = 14 , then β =
1
2 , and α 6= 1− 1β becomes α 6= −1. Thus, we obtain the family 〈∇1 + 12α∇3 +
α∇5 + 12∇6 +∇7〉α6∈{0,−1} of representatives of distinct orbits.
If λ = 0, then β = 0 or β = 1. If β = 0, then the condition β − αβ − 1 6= 0 becomes −1 6= 0;
and if β = 1, then it is α 6= 0. Thus, we obtain two families 〈∇1 + α∇5 + ∇7〉α6∈{0,−1} and
〈∇1 + α∇3 + α∇5 +∇6 +∇7〉α6∈{0,−1} of representatives of distinct orbits.
• Let α1 − α2α6 = 0. Then we obtain the same families as in the previous case, but without∇1.
(B) α6 − α5α6 − 1 = 0. Then clearly α6 6= 0 and α5 = 1− 1α6 , so α3 = α6 − 1. Moreover, α6 6= 1 since
α5 6= 0. In particular, λ 6= 0. Choosing z such that α∗4 = 0, we obtain
α∗1 =
x− α6y
α6 − 1 (α1(α6 − 1)x+ α6(α2(2α
2
6 + 1)− α6(α1 + 2α2))y),
α∗2 =
x− α6y
α6 − 1 (α2(α6 − 1)x+ (α2α6(α6 − 1)− α1 + α2)y),
α∗3 = (α6 − 1)(x− α6y)(x+ (α6 − 1)y)2,
α∗5 =
(
1− 1
α6
)
(x− α6y)(x+ (α6 − 1)y)2,
α∗6 = α6(x− α6y)(x+ (α6 − 1)y)2,
α∗7 = (x− α6y)(x+ (α6 − 1)y)2.
Let (α1, α2) = (0, 0). Then we get the representative
〈
(α− 1)∇3+
(
1− 1
α
)∇5 +α∇6 +∇7〉, where
α2 − α+ λ = 0.
If λ 6∈ {0, 14}, then we obtain two representatives
〈
−1±√1−4λ
2 ∇3+
√
1−4λ∓1√
1−4λ±1∇5+
1±√1−4λ
2 ∇6+∇7
〉
which will be joined with the families
〈
1±√1−4λ
2 α∇3+α∇5+ 1±
√
1−4λ
2 ∇6+∇7
〉
α6∈
{
0,−1,
√
1−4λ∓1√
1−4λ±1
}.
If λ = 14 , then we obtain the representative 〈− 12∇3 − ∇5 + 12∇6 +∇7〉 which will be joined with the
family 〈12α∇3 + α∇5 + 12∇6 +∇7〉α6∈{0,−1}.
Let (α1, α2) 6= (0, 0). If α2 = 0, then
α∗1 =
x− α6y
α6 − 1 ((α6 − 1)x− α
2
6y)α1,
α∗2 = −
x− α6y
α6 − 1 yα1,
so choosing y 6= 0 we may suppose for the rest of the case that α2 6= 0.
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• Let α1−α2α6 6= 0 and α1−α2−2α2α26+2α2α6 6= 0. Then choosing z = α6(α2α6(α6−1)−α1+α2)yα6−1 −
(α6 − 1)u and x = (α1−α2−α2α6(α6−1))yα2(α6−1) we obtain α∗2 = α∗4 = 0 and
α∗1 = (α1 − α2 − 2α2α26 + 2α2α6)2(α1 − α2α6)
y2
α22(α6 − 1)2
,
α∗3 = (α1 − α2 − 2α2α26 + 2α2α6)(α1 − α2α6)2
y3
α32(α6 − 1)2
,
α∗5 = (α1 − α2 − 2α2α26 + 2α2α6)(α1 − α2α6)2
y3
α32α6(α6 − 1)2
,
α∗6 = (α1 − α2 − 2α2α26 + 2α2α6)(α1 − α2α6)2
α6y
3
α32(α6 − 1)3
,
α∗7 = (α1 − α2 − 2α2α26 + 2α2α6)(α1 − α2α6)2
y3
α32(α6 − 1)3
.
Choosing y =
α2(α6−1)(α1−α2−2α2α26+2α2α6)
α1−α2α6 we obtain the representative
〈
∇1 + (α − 1)∇3 +(
1− 1
α
)∇5 + α∇6 +∇7〉, where α2 − α+ λ = 0.
If λ 6∈ {0, 14}, then α = 1±
√
1−4λ
2 , so α− 1 = −1±
√
1−4λ
2 and 1− 1α =
√
1−4λ∓1√
1−4λ±1 , and we obtain the
following two representatives
〈
∇1+ −1±
√
1−4λ
2 ∇3+
√
1−4λ∓1√
1−4λ±1∇5+
1±√1−4λ
2 ∇6+∇7
〉
which will
be joined with the families
〈
∇1 + 1±
√
1−4λ
2 α∇3 + α∇5 + 1±
√
1−4λ
2 ∇6 + ∇7
〉
α6∈
{
0,−1,
√
1−4λ∓1√
1−4λ±1
}
found above.
If λ = 14 , then α =
1
2 , so α−1 = − 12 and 1− 1α = −1, and we obtain the representative 〈∇1− 12∇3−
∇5 + 12∇6 +∇7〉 which will be joined with the family 〈∇1 + 12α∇3 + α∇5 + 12∇6 +∇7〉α6∈{0,−1}
found above.
• Let α1 − α2 − 2α2α26 + 2α2α6 = 0. Then α1 = (2α26 − 2α6 + 1)α2.
In this case α∗3, α
∗
5, α
∗
6, α
∗
7 are as above and
α∗1 = α2(x− yα6)2(2α26 − 2α6 + 1)
α∗2 = α2(x− yα6)2.
Therefore, we obtain the representative
〈
(2α2−2α+1)∇1+∇2+(α−1)∇3+(1− 1α )∇5+α∇6+
∇7
〉
, where α2 − α+ λ = 0. Note that 2α2 − 2α+ 1 = 1− 2λ.
If λ 6∈ {0, 14}, then we obtain two representatives
〈
(1−2λ)∇1+∇2+−1+
√
1−4λ
2 ∇3+
√
1−4λ−1√
1−4λ+1∇5+
1+
√
1−4λ
2 ∇6 +∇7
〉
,
〈
(1− 2λ)∇1 +∇2 + −1−
√
1−4λ
2 ∇3 +
√
1−4λ+1√
1−4λ−1∇5 +
1−√1−4λ
2 ∇6 +∇7
〉
=〈
(1− 2λ)λ∇1 + λ∇2 − λ1+
√
1−4λ
2 ∇3 −
(√
1−4λ+1
2
)2
∇5 + λ1−
√
1−4λ
2 ∇6 + λ∇7
〉
.
If λ = 14 , then we obtain the representative 〈12∇1 +∇2 − 12∇3 −∇5 + 12∇6 +∇7〉.
• Let α1 − α2α6 = 0. We may assume that α6 6= 12 (and hence λ 6= 14 ), since otherwise α1 =
(2α26 − 2α6 + 1)α2, which has already been considered.
In this case α∗3, α
∗
5, α
∗
6, α
∗
7 are as above and
α∗1 = α2α6(x− yα6)(x + (α6 − 1)y)
α∗2 = α2(x− yα6)(x+ (α6 − 1)y).
Therefore, we obtain the representative
〈
α∇1+∇2+(α− 1)∇3+(1− 1α )∇5+α∇6+∇7
〉
, where
α2 − α+ λ = 0.
If λ 6∈ {0, 14}, then we obtain two representatives
〈
1+
√
1−4λ
2 ∇1 + ∇2 + −1+
√
1−4λ
2 ∇3 +√
1−4λ−1√
1−4λ+1∇5+
1+
√
1−4λ
2 ∇6+∇7
〉
,
〈
1−√1−4λ
2 ∇1+∇2− 1+
√
1−4λ
2 ∇3+
√
1−4λ+1√
1−4λ−1∇5+
1−√1−4λ
2 ∇6+
∇7
〉
=
〈
λ1−
√
1−4λ
2 ∇1 + λ∇2 − λ1+
√
1−4λ
2 ∇3 −
(√
1−4λ+1
2
)2
∇5 + λ1−
√
1−4λ
2 ∇6 + λ∇7
〉
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(C) α5 + 1 = 0. Then α3 = −α6. Observe that we may assume that α6 6= 12 (and hence λ 6= 14 ), since
otherwise α6 − α5α6 − 1 = 0, which was considered above. Choosing z such that α∗4 = 0, we have
α∗1 = α1x
2 + 2α2α6(α6 − 1)xy + α6(α6 − 1)(α1 − α2)y2,
α∗2 = α2x
2 + 2(α1 − α2)xy + (α2α6(α6 − 1)− α1 + α2)y2,
α∗3 = −α6(x− α6y)(x + (α6 − 1)y)2,
α∗5 = −(x− α6y)(x+ (α6 − 1)y)2,
α∗6 = α6(x− α6y)(x+ (α6 − 1)y)2,
α∗7 = (x− α6y)(x + (α6 − 1)y)2.
If (α1, α2) = (0, 0), then we obtain the representative 〈−β∇3−∇5+β∇6+∇7〉, where β2−β+λ = 0.
If λ 6∈ {0, 14}, then we have two representatives
〈
−1∓√1−4λ
2 ∇3−∇5+ 1±
√
1−4λ
2 ∇6+∇7
〉
which will
be joined with the families
〈
1±√1−4λ
2 α∇3 + α∇5 + 1±
√
1−4λ
2 ∇6 +∇7
〉
α6=0,−1
found above.
If λ = 0, then we have two representatives 〈−∇3 − ∇5 +∇6 +∇7〉 and 〈−∇5 +∇7〉 which will be
joined the families 〈α∇3 + α∇5 +∇6 +∇7〉α6=0,−1 and 〈α∇5 +∇7〉α6=0,−1 found above.
Let (α1, α2) 6= (0, 0). Suppose that α2 = 0. Then we have α∗2 = α1y(2x−y). So, whenever (α1, α2) 6=
(0, 0), we may find x, y such that α∗2 6= 0 and α∗7 = 1. In the rest of the case we will suppose thatα2 6= 0.
The determinant of the equation α∗2 = 0 is 4(α2α6 + α1 − α2)(α1 − α2α6).
• Let (α2α6 + α1 − α2)(α1 − α2α6) 6= 0.
Suppose that α2 = 2α1. Observe that in this case (α2α6 + α1 − α2)(α2α6 − α1) 6= 0 is equivalent
to α21(2α6 − 1)2 6= 0. Then α∗2 − 2α∗1 = −2α1(2x − y)y(2α6 − 1)2, so choosing appropriate x, y
we may suppose that α2 6= 2α1.
The equation α∗2 = 0 has two solutions x1 = µ1y and x2 = µ2y, where µ1, µ2 ∈ C, µ1 6= µ2. As in
the case 1(a) if µ21 − µ1 + λ = µ22 − µ2 + λ = 0, then µ1 + µ2 = 1. But µ1 + µ2 = − 2(α1−α2)α2 ,
whence 2(α1 − α2) = −α2, which contradicts the assumption that α2 6= 2α1. Thus, we may choose
x = µiy to make α
∗
2 = 0. Since in this case the condition (α1, α2, α4) 6= (0, 0, 0) is invariant under
automorphisms, we have α∗1 6= 0 for such a choice of x. Thus, we obtain the family of representatives
〈α∇1 − β∇3 − ∇5 + β∇6 + ∇7〉, where β2 − β + λ = 0 and α 6= 0. Then taking y = 0 and
x = α, we obtain the representative 〈∇1−β∇3−∇5+β∇6+∇7〉. It will be joined with the family
〈∇1 + αβ∇3 + α∇5 + β∇6 +∇7〉α6∈{0,−1}.
• Let α1 − α2α6 = 0. Then
α∗1 = α2α6(x+ (α6 − 1)y)2, α∗2 = α2(x+ (α6 − 1)y)2.
So, taking x = α6y+α2, we obtain the representative 〈β∇1+∇2−β∇3−∇5+β∇6+∇7〉, where
β2−β+λ = 0. If λ 6∈ {0, 14}, then we have two representatives
〈
1±√1−4λ
2 ∇1+∇2− 1±
√
1−4λ
2 ∇3−
∇5+ 1±
√
1−4λ
2 ∇6+∇7
〉
. If λ = 0, then we have two representatives 〈∇1+∇2−∇3−∇5+∇6+∇7〉
and 〈∇2 −∇5 +∇7〉.
• Let α2α6 + α1 − α2 = 0. Then
α∗1 = α2(1− α6)(x− α6y)2, α∗2 = α2(x − α6y)2.
Taking x, y such that (x + (α6 − 1)y)2 = α2(x − α6y) 6= 0, we obtain the representative 〈(1 −
β)∇1 +∇2 − β∇3 −∇5 + β∇6 +∇7〉, where β2 − β + λ = 0. If λ 6∈ {0, 14}, then we have two
representatives
〈
1∓√1−4λ
2 ∇1 +∇2 − 1±
√
1−4λ
2 ∇3 −∇5 + 1±
√
1−4λ
2 ∇6 +∇7
〉
. If λ = 0, then we
have two representatives 〈∇2 −∇3 −∇5 +∇6 +∇7〉 and 〈∇1 +∇2 −∇5 +∇7〉.
(ii) α3 = α5(1−α6). Observe that we may assume that α6 6= 12 (and hence λ 6= 14 ), since otherwise α3 = α5α6,
which has already been considered.
Consider α∗2 = α
∗
4 = 0 as a system of linear equations in z and u. Then its determinant is the following
polynomial in x and y:
D(x, y) = (α25α6 − α25 − α5 + α6 − 1)x2
− (2α25α26 − 2α25α6 − 2α26 − α5 + 4α6 − 2)xy
+ (α25α
2
6 + α5α6 + α
2
6 − 2α6 + 1)(α6 − 1)y2.
Suppose that α25α6−α25−α5+α6−1 = 0. In this case α25+1 6= 0, since otherwise (α25+1)α6 = α25+α5+1
would imply α5 = 0, whence α
2
5 + 1 = 1, a contradiction. Thus, α6 =
α25+α5+1
α25+1
and hence α3 = − α
2
5
α25+1
.
19
Then D(x, y) = yα5(1+α5)
3((1−α5)x+α5y)
(1+α25)
2 . If α5 + 1 = 0, then α5 = −1, α6 = 12 , α3 = − 12 = α5α6. This
case has been considered above. Therefore, we may suppose that D(x, y) is not identically zero, and hence
we may solve α∗2 = α
∗
4 = 0 in z and u. Choosing these values of z and u, we may suppose that α2 = α4 = 0
from the very beginning.
Then taking the appropriate values of z and u we have
α∗1 =
α1(α
2
5α6 − α25 − α5 + α6 − 1)(x+ y(α6 − 1))2(x− yα6)2
D(x, y)
,
α∗3 = α5(1− α6)(x− yα6)2(x+ y(α6 − 1)),
α∗5 = α5(x− yα6)2(x+ y(α6 − 1)),
α∗6 = α6(x− yα6)(x + y(α6 − 1))2,
α∗7 = (x− yα6)(x+ y(α6 − 1))2.
Observe that for x, y such that α∗7 = 1 and D(x, y) 6= 0 we have (α∗5)2α∗6 − (α∗5)2 − α∗5 + α∗6 − 1 =
D(x,y)
(x+y(α6−1))2 6= 0, so we may assume that α25α6 − α25 − α5 + α6 − 1 6= 0 from the very beginning.
Let α5 6= −1. Taking x = y(α6(α5−1)+1)α5+1 , we have D(x, y) =
y2α25(2α6−1)2
(α5+1)2
6= 0, x2 − xy + λy2 =
− y2α5(2α6−1)2(α5+1)2 6= 0, α∗5 = −α∗7, so we get the representative 〈α∇1+(β−1)∇3−∇5+β∇6+∇7〉β2−β+λ=0,
where
α = −α1(α5 + 1)(α
2
5α6 − α25 − α5 + α6 − 1)
yα25(2α6 − 1)2
• If α1 6= 0, then we take y = −α1(α5+1)(α
2
5α6−α25−α5+α6−1)
α25(2α6−1)2 6= 0, so that x
2 − xy + λy2 6= 0,
D(x, y) 6= 0, and we get the representative 〈∇1 + (α− 1)∇3 −∇5 + α∇6 +∇7〉α2−α+λ=0.
If λ 6= 0, then we get two distinct representatives
〈
∇1 − 1∓
√
1−4λ
2 ∇3 −∇5 + 1±
√
1−4λ
2 ∇6 +∇7
〉
.
If λ = 0, then we get two distinct representatives
〈
∇1−∇3−∇5+∇7
〉
and
〈
∇1−∇5+∇6 +∇7
〉
.
• If α1 = 0, then we get the same representatives but without∇1.
(d) α26−α6α7+λα27 = 0 and α5 = 0. We may assume that α3 = 0, since the case α5 = 0 and α3 6= 0 was considered
in 1(b). Then α∗3 = α
∗
5 = 0. A suitable choice of x, y and z gives α
∗
7 = 1 and α
∗
2 = 0, so we shall assume that
α7 = 1 and α2 = 0. As above, λ = α6 − α26. Now, choosing z = −α1xy+(α4α
2
6−α4α6)y2
x+(α6−1)y we obtain α
∗
2 = 0.
(i) α6 6= 1. Then choosing u = −α4x
2+(α1−2α4)xy−(α1−α4)y2
(α6−1)(x+(α6−1)y) we have α
∗
4 = 0 and
α∗1 = (α1 − α4α6)(x − α6y)2,
α∗6 = α6(x− α6y)(x+ (α6 − 1)y)2,
α∗7 = (x − α6y)(x+ (α6 − 1)y)2.
(A) α1−α4α6 6= 0. Then choosing y = 0 and x = α1−α4α6 we obtain the representative 〈∇1+α∇6+∇7〉,
where α2 − α + λ = 0. If λ 6∈ {0, 14}, then we have two representatives
〈
∇1 + 1±
√
1−4λ
2 ∇6 +∇7
〉
.
We will join them with the families
〈
∇1 + 1±
√
1−4λ
2 α∇3 + α∇5 + 1±
√
1−4λ
2 ∇6 + ∇7
〉
α6=0
found
above. If λ = 14 , then we have the representative 〈∇1 + 12∇6 + ∇7〉, which will be joined with the
family 〈∇1 + 12α∇3 + α∇5 + 12∇6 +∇7〉α6=0 found above. If λ = 0, then α6 = 0, since α6 6= 1 by
assumption. So, we have the representative 〈∇1 +∇7〉. It will be joined with 〈∇1 + α∇5 +∇7〉α6=0.
(B) α1 − α4α6 = 0. Then we have the same representatives as above, but without ∇1. We join them with
the families found above.
(ii) α6 = 1, so that λ = 0. Then
α∗1 = α1x(x − y),
α∗4 = (α4(x− y) + α1y)(x− y),
α∗6 = x
2(x− y),
α∗7 = x
2(x− y).
(A) α1 6= 0 and α1 − α4 6= 0. Then choosing x = α1 and y = − α1α4α1−α4 we obtain the representative
〈∇1+∇6+∇7〉 which will be joined with the family 〈∇1+α∇3+α∇5+∇6+∇7〉α6=0 found above.
(B) α1 = 0. Then we have two representatives 〈∇4 + ∇6 + ∇7〉 and 〈∇6 + ∇7〉 depending on whether
α4 = 0 or not. Both of them belong to the families found above.
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(C) α1 − α4 = 0. Then
α∗1 = α1x(x − y),
α∗4 = α1x(x − y),
α∗6 = x
2(x− y),
α∗7 = x
2(x− y).
Thus, we have two representatives 〈∇1 +∇4 +∇6 +∇7〉 and 〈∇6 +∇7〉. The second one was found
above.
(2) α7 = 0. We may assume that α6 = 0, since the case α7 = 0 and α6 6= 0 was considered in 1(a).
(a) Let α23 − α3α5 + λα25 6= 0. If α5 6= 0, we may take x = (α5−α3)yα5 and get α∗5 = 0. Observe that (α∗3)2 − α∗3α∗5 +
λ(α∗5)
2 = (α23 − α3α5 + λα25)(x2 − xy + λy2)3, so the condition α23 − α3α5 + λα25 6= 0 is invariant under the
automorphisms. Thus, we shall assume that α5 = 0 and α3 6= 0 from the very beginning. Choosing y = 0, we have
α∗1 = x(α1x+ α3z),
α∗2 = x(α2x+ α3u),
α∗3 = α3x
3,
α∗4 = α4x
2.
Taking z = −α1x
α3
, u = −α2x
α3
, we get two representatives 〈∇3 +∇4〉 and 〈∇3〉 depending on whether α4 = 0 or
not.
(b) Let α23 − α3α5 + λα25 = 0, α5 6= 0. Taking x, y such that (x2 − xy + λy2)(α5x + (α3 − α5)y) = 1, we may
suppose that α∗5 = 1 and λ = α3 − α23. Consider α∗2 = 0, α∗4 = 0 as a linear system in u, z. Its determinant is
α3(x + (α3 − 1)y)2. If α3 = 0, then λ = 0 and we get a Leibniz cocycle. Therefore, we may suppose that this
determinant is nonzero and the system α∗2 = 0, α
∗
4 = 0 has a unique solution. We get the family of representatives
〈α1∇1 + α3∇3 + ∇5〉, where α23 − α3 + λ = 0, except for (λ, α3) = (0, 0) which gives a Leibniz cocycle.
Therefore, we may suppose that α2 = α4 = 0 from the very beginning and
α∗1 = α1(x− α3y)2,
α∗3 = α3(x− α3y)(x+ (α3 − 1)y)2,
α∗5 = (x − α3y)(x+ (α3 − 1)y)2.
If λ 6∈ {0, 14}, then we have the following representatives:
〈
∇1 + 1±
√
1−4λ
2 ∇3 +∇5
〉
and
〈
1±√1−4λ
2 ∇3 +∇5
〉
.
If λ = 14 , then we have the representatives 〈∇1 + 12∇3 + ∇5〉 and 〈12∇3 + ∇5〉. If λ = 0, then we have the
representatives 〈∇1 +∇3 +∇5〉 and 〈∇3 +∇5〉.
2
1
λ = 0 λ = 1
4
λ 6∈ {0, 1
4
}
〈∇1 + α∇3 + β∇5 +∇6〉α,β 6=0,
〈α∇3 + β∇5 +∇6〉α,β 6=0,
〈∇2 + α∇5 +∇6〉α 6=1,
〈α∇5 +∇6〉,
〈∇2 + α∇4 +∇5 +∇6〉,
〈∇4 +∇5 +∇6〉,
〈∇2 + α∇3 +∇6〉α 6=0,
〈α∇3 +∇6〉α 6=0,
〈∇1 + α∇2 −∇3 +∇6〉,
〈∇1 + α∇3 +∇7〉α 6=0,
〈α∇3 +∇7〉α 6=0,
〈α∇3 +∇4 +∇6 +∇7〉,
〈α∇3 +∇6 +∇7〉,
〈∇1 −∇3 + α∇4 +∇6 +∇7〉,
〈∇1 + α∇5 +∇7〉,
〈∇1 + α∇3 + α∇5 +∇6 +∇7〉,
〈α∇5 +∇7〉,
〈α∇3 + α∇5 +∇6 +∇7〉α 6=0,
〈∇1 +∇2 −∇3 −∇5 +∇6 +∇7〉,
〈∇2 −∇5 +∇7〉,
〈∇2 −∇3 − ∇5 +∇6 +∇7〉,
〈∇1 +∇2 −∇5 +∇7〉,
〈∇1 −∇3 − ∇5 +∇7〉,
〈∇1 −∇5 +∇6 +∇7〉,
〈−∇3 −∇5 +∇7〉,
〈−∇5 +∇6 +∇7〉,
〈∇1 +∇4 +∇6 +∇7〉,
〈∇3 +∇4〉,
〈∇3〉,
〈∇1 +∇3 +∇5〉,
〈∇3 +∇5〉
〈∇1 + α∇3 + β∇5 +∇6〉α,β 6=0,
〈α∇3 + β∇5 +∇6〉α,β 6=0,
〈∇2 + α∇5 +∇6〉α 6=2,
〈α∇5 +∇6〉,
〈∇2 + α∇4 + 2∇5 +∇6〉,
〈∇4 + 2∇5 +∇6〉,
〈∇2 + α∇3 +∇6〉α 6=0,
〈α∇3 +∇6〉α 6=0,
〈∇1 + α∇2 −∇3 +∇6〉,
〈∇1 + α∇3 + 12∇6 +∇7〉α 6=0,
〈α∇3 + 12∇6 +∇7〉α 6=0,
〈∇1 + 12α∇3 + α∇5 + 12∇6 +∇7〉,
〈 1
2
α∇3 + α∇5 + 12∇6 +∇7〉,
〈 1
2
∇1 +∇2 − 12∇3 −∇5 + 12∇6 +∇7〉,〈∇3 +∇4〉,
〈∇3〉,
〈∇1 + 12∇3 +∇5〉,
〈 1
2
∇3 +∇5〉
〈∇1 + α∇3 + β∇5 +∇6〉α,β 6=0,
〈α∇3 + β∇5 +∇6〉α,β 6=0,
〈∇2 + α∇5 +∇6〉
α 6=1±
√
1−4λ
2λ
,
〈α∇5 +∇6〉,〈
λ∇2 + λα∇4 + 1+
√
1−4λ
2
∇5 + λ∇6
〉
,〈
∇2 + α∇4 + 21+√1−4λ∇5 +∇6
〉
,〈
λ∇4 + 1+
√
1−4λ
2
∇5 + λ∇6
〉
,〈
∇4 + 21+√1−4λ∇5 +∇6
〉
,
〈∇2 + α∇3 +∇6〉α 6=0,
〈α∇3 +∇6〉α 6=0,
〈∇1 + α∇2 −∇3 +∇6〉,〈
∇1 + α∇3 + 1+
√
1−4λ
2
∇6 +∇7
〉
α 6=0
,〈
∇1 + α∇3 + 1−
√
1−4λ
2
∇6 +∇7
〉
α 6=0
,〈
α∇3 + 1+
√
1−4λ
2
∇6 +∇7
〉
α 6=0
,〈
α∇3 + 1−
√
1−4λ
2
∇6 +∇7
〉
α 6=0
,〈
∇1 + 1+
√
1−4λ
2
α∇3 + α∇5 + 1+
√
1−4λ
2
∇6 +∇7
〉
,〈
∇1 + 1−
√
1−4λ
2
α∇3 + α∇5 + 1−
√
1−4λ
2
∇6 +∇7
〉
,〈
1+
√
1−4λ
2
α∇3 + α∇5 + 1+
√
1−4λ
2
∇6 +∇7
〉
,〈
1−√1−4λ
2
α∇3 + α∇5 + 1−
√
1−4λ
2
∇6 +∇7
〉
,〈
(1 − 2λ)∇1 +∇2 + −1+
√
1−4λ
2
∇3 +
√
1−4λ−1√
1−4λ+1∇5 +
1+
√
1−4λ
2
∇6 +∇7
〉
,〈
(1 − 2λ)λ∇1 + λ∇2 − λ 1+
√
1−4λ
2
∇3 −
(√
1−4λ+1
2
)2∇5 + λ 1−
√
1−4λ
2
∇6 + λ∇7
〉
〈
1+
√
1−4λ
2
∇1 +∇2 + −1+
√
1−4λ
2
∇3 +
√
1−4λ−1√
1−4λ+1∇5 +
1+
√
1−4λ
2
∇6 +∇7
〉
,〈
λ 1−
√
1−4λ
2
∇1 + λ∇2 − λ 1+
√
1−4λ
2
∇3 −
(√
1−4λ+1
2
)2∇5 + λ 1−
√
1−4λ
2
∇6 + λ∇7
〉
〈
1+
√
1−4λ
2
∇1 +∇2 − 1+
√
1−4λ
2
∇3 −∇5 + 1+
√
1−4λ
2
∇6 +∇7
〉
,〈
1−√1−4λ
2
∇1 +∇2 − 1−
√
1−4λ
2
∇3 −∇5 + 1−
√
1−4λ
2
∇6 +∇7
〉
,〈
1−√1−4λ
2
∇1 +∇2 − 1+
√
1−4λ
2
∇3 −∇5 + 1+
√
1−4λ
2
∇6 +∇7
〉
,〈
1+
√
1−4λ
2
∇1 +∇2 − 1−
√
1−4λ
2
∇3 −∇5 + 1−
√
1−4λ
2
∇6 +∇7
〉
,〈
∇1 − 1−
√
1−4λ
2
∇3 −∇5 + 1+
√
1−4λ
2
∇6 +∇7
〉
,〈
∇1 − 1+
√
1−4λ
2
∇3 − ∇5 + 1−
√
1−4λ
2
∇6 +∇7
〉
,〈
− 1−
√
1−4λ
2
∇3 −∇5 + 1+
√
1−4λ
2
∇6 +∇7
〉
,〈
− 1+
√
1−4λ
2
∇3 −∇5 + 1−
√
1−4λ
2
∇6 +∇7
〉
,
〈∇3 +∇4〉,
〈∇3〉,〈
∇1 + 1+
√
1−4λ
2
∇3 +∇5
〉
,〈
∇1 + 1−
√
1−4λ
2
∇3 +∇5
〉
,〈
1+
√
1−4λ
2
∇3 +∇5
〉
,〈
1−√1−4λ
2
∇3 +∇5
〉
.
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DenoteΘ = 1+
√
1−4λ
2 . The orbits above correspond to the following algebras:
D
4
01(λ,α, β) : e1e1 = λe3 + e4, e1e3 = αe4, e2e1 = e3, e2e2 = e3, e2e3 = βe4, e3e1 = e4;
D
4
02(λ,α, β) : e1e1 = λe3, e1e3 = αe4, e2e1 = e3 e2e2 = e3, e2e3 = βe4, e3e1 = e4;
D
4
03(λ,α) : e1e1 = λe3, e1e2 = e4, e2e1 = e3, e2e2 = e3, e2e3 = αe4, e3e1 = e4;
D
4
04(λ,α) : e1e1 = λe3, e2e1 = e3, e2e2 = e3, e2e3 = αe4, e3e1 = e4;
D
4
05(λ,α) : e1e1 = λe3, e1e2 = λe4, e2e1 = e3 + λαe4, e2e2 = e3, e2e3 = Θe4, e3e1 = λe4;
D
4
06(λ,α) : e1e1 = λe3, e1e2 = e4, e2e1 = e3 + αe4, e2e2 = e3, e2e3 = Θ
−1e4, e3e1 = e4;
D
4
07(λ) : e1e1 = λe3, e2e1 = e3 + λe4, e2e2 = e3, e2e3 = Θe4, e3e1 = λe4;
D
4
08(λ) : e1e1 = λe3, e2e1 = e3 + e4, e2e2 = e3, e2e3 = Θ
−1e4, e3e1 = e4;
D
4
09(λ,α) : e1e1 = λe3, e1e2 = e4, e1e3 = αe4, e2e1 = e3, e2e2 = e3, e3e1 = e4;
D
4
10(λ,α) : e1e1 = λe3, e1e3 = αe4, e2e1 = e3, e2e2 = e3, e3e1 = e4;
D
4
11(λ,α) : e1e1 = λe3 + e4, e1e2 = αe4, e1e3 = −e4, e2e1 = e3, e2e2 = e3, e3e1 = e4;
D
4
12(λ,α) : e1e1 = λe3 + e4, e1e3 = αe4, e2e1 = e3, e2e2 = e3, e3e1 = Θe4, e3e2 = e4;
D
4
13(λ,α) : e1e1 = λe3 + e4, e1e3 = αe4, e2e1 = e3, e2e2 = e3, e3e1 = (1 − Θ)e4, e3e2 = e4;
D
4
14(λ,α) : e1e1 = λe3, e1e3 = αe4, e2e1 = e3, e2e2 = e3, e3e1 = Θe4, e3e2 = e4;
D
4
15(λ,α) : e1e1 = λe3, e1e3 = αe4, e2e1 = e3, e2e2 = e3, e3e1 = (1 − Θ)e4, e3e2 = e4;
D
4
16(α) : e1e3 = αe4, e2e1 = e3 + e4, e2e2 = e3, e3e1 = e4, e3e2 = e4;
D
4
17(α) : e1e1 = e4, e1e3 = −e4, e2e1 = e3 + αe4, e2e2 = e3, e3e1 = e4, e3e2 = e4;
D
4
18(λ,α) : e1e1 = λe3 + e4, e1e3 = Θαe4, e2e1 = e3, e2e2 = e3, e2e3 = αe4, e3e1 = Θe4,
e3e2 = e4;
D
4
19(λ,α) : e1e1 = λe3 + e4, e1e3 = (1− Θ)αe4, e2e1 = e3, e2e2 = e3, e2e3 = αe4, e3e1 = (1− Θ)e4,
e3e2 = e4;
D
4
20(λ,α) : e1e1 = λe3, e1e3 = Θαe4, e2e1 = e3, e2e2 = e3, e2e3 = αe4, e3e1 = Θe4,
e3e2 = e4;
D
4
21(λ,α) : e1e1 = λe3, e1e3 = (1− Θ)αe4, e2e1 = e3, e2e2 = e3, e2e3 = αe4, e3e1 = (1− Θ)e4,
e3e2 = e4;
D
4
22(λ) : e1e1 = λe3 + (1− 2λ)e4, e1e2 = e4, e1e3 = (Θ − 1)e4, e2e1 = e3, e2e2 = e3, e2e3 = (1− Θ−1)e4,
e3e1 = Θe4, e3e2 = e4;
D
4
23(λ) : e1e1 = λe3 + λ(1− 2λ)e4 e1e2 = λe4 e1e3 = −λΘe4 e2e1 = e3 e2e2 = e3 e2e3 = −Θ2e4,
e3e1 = λ(1− Θ)e4 e3e2 = λe4;
D
4
24(λ) : e1e1 = λe3 + Θe4, e1e2 = e4, e1e3 = (Θ − 1)e4, e2e1 = e3, e2e2 = e3, e2e3 = (1− Θ−1)e4,
e3e1 = Θe4, e3e2 = e4;
D
4
25(λ) : e1e1 = λe3 + λ(1− Θ)e4, e1e2 = λe4, e1e3 = −λΘe4, e2e1 = e3, e2e2 = e3, e2e3 = −Θ2e4,
e3e1 = λ(1− Θ)e4, e3e2 = λe4;
D
4
26(λ) : e1e1 = λe3 + Θe4, e1e2 = e4, e1e3 = −Θe4, e2e1 = e3, e2e2 = e3, e2e3 = −e4,
e3e1 = Θe4, e3e2 = e4;
D
4
27(λ) : e1e1 = λe3 + (1− Θ)e4, e1e2 = e4, e1e3 = (Θ − 1)e4, e2e1 = e3, e2e2 = e3, e2e3 = −e4,
e3e1 = (1− Θ)e4, e3e2 = e4;
D
4
28(λ) : e1e1 = λe3 + (1− Θ)e4, e1e2 = e4, e1e3 = −Θe4, e2e1 = e3, e2e2 = e3, e2e3 = −e4,
e3e1 = Θe4, e3e2 = e4;
D
4
29(λ) : e1e1 = λe3 + Θe4, e1e2 = e4, e1e3 = (Θ − 1)e4, e2e1 = e3, e2e2 = e3, e2e3 = −e4,
e3e1 = (1− Θ)e4, e3e2 = e4;
D
4
30(λ) : e1e1 = λe3 + e4, e1e3 = (Θ− 1)e4 , e2e1 = e3, e2e2 = e3, e2e3 = −e4, e3e1 = Θe4,
e3e2 = e4;
D
4
31(λ) : e1e1 = λe3 + e4, e1e3 = −Θe4, e2e1 = e3, e2e2 = e3, e2e3 = −e4, e3e1 = (1− Θ)e4,
e3e2 = e4;
D
4
32(λ) : e1e1 = λe3, e1e3 = (Θ− 1)e4 , e2e1 = e3, e2e2 = e3, e2e3 = −e4, e3e1 = Θe4,
e3e2 = e4;
D
4
33(λ) : e1e1 = λe3, e1e3 = −Θe4, e2e1 = e3, e2e2 = e3, e2e3 = −e4, e3e1 = (1− Θ)e4,
e3e2 = e4;
D
4
34 : e1e1 = e4, e2e1 = e3 + e4, e2e2 = e3, e3e1 = e4, e3e2 = e4;
D
4
35(λ) : e1e1 = λe3, e1e3 = e4, e2e1 = e3 + e4, e2e2 = e3;
D
4
36(λ) : e1e1 = λe3, e1e3 = e4, e2e1 = e3, e2e2 = e3;
D
4
37(λ) : e1e1 = λe3 + e4, e1e3 = Θe4, e2e1 = e3, e2e2 = e3, e2e3 = e4;
D
4
38(λ) : e1e1 = λe3 + e4, e1e3 = (1− Θ)e4, e2e1 = e3, e2e2 = e3, e2e3 = e4;
D
4
39(λ) : e1e1 = λe3, e1e3 = Θe4, e2e1 = e3, e2e2 = e3, e2e3 = e4;
D
4
40(λ) : e1e1 = λe3, e1e3 = (1− Θ)e4, e2e1 = e3, e2e2 = e3, e2e3 = e4.
The algebras above are pairwise non-isomorphic, except for
D
4
01(λ, 0, β)
∼= D402(λ, 0, β) ∼= D404(λ, β), D401(λ,α, 0)α 6=−1 ∼= D402(λ,α, 0) ∼= D410(λ,α), D401(λ,−1, 0) ∼= D411(λ, 0),
D
4
03(λ, 0)
∼= D409(λ, 0), D403
(
λ, (1 − Θ)−1
)
λ 6=0
∼= D405(λ, 0)λ 6=0,D403
(
λ,Θ
−1) ∼= D406(λ, 0), D404(λ, 0) ∼= D410(λ, 0),
D
4
05(1/4, α)
∼= D406(1/4, α), D407(1/4) ∼= D408(1/4),
D
4
05(0, α)
∼= D407(0) ∼= D423(0) ∼= D425(0) ∼= D440(0),
D
4
12(λ, 0)
∼= D418(λ, 0), D412(1/4, α) ∼= D413(1/4, α), D412(0, α)α 6=−1 ∼= D414(0, α), D412(0,−1) ∼= D417(0),
D
4
13(λ, 0)
∼= D419(λ, 0), D414(λ, 0) ∼= D420(λ, 0), D414(1/4, α) ∼= D415(1/4, α), D415(λ, 0) ∼= D421(λ, 0),
D
4
18(1/4, α)
∼= D419(1/4, α), D418(0, 0) ∼= D422(0) ∼= D424(0), D418(1/4,−1) ∼= D419(1/4,−1) ∼= D430(1/4) ∼= D431(1/4),
D
4
20(1/4, α)
∼= D421(1/4, α), D420(1/4,−1) ∼= D421(1/4,−1) ∼= D432(1/4) ∼= D433(1/4),
D
4
22(1/4)
∼= D423(1/4) ∼= D424(1/4) ∼= D425(1/4) ∼= D426(1/4) ∼= D427(1/4) ∼= D428(1/4) ∼= D429(1/4),
D
4
37(1/4)
∼= D438(1/4), D439(1/4) ∼= D440(1/4).
Moreover, the algebrasD405(0, α)
∼= D407(0) ∼= D423(0) ∼= D425(0) ∼= D440(0),D438(0) are Leibniz.
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1.4.6. 1-dimensional central extensions ofT3∗05. Let us use the following notations
∇1 = [∆13],∇2 = [∆21],∇3 = [∆22]− 3[∆31].
Take θ =
∑3
i=1 αi∇i ∈ H2T(T3∗05). If
φ =

x 0 0y x2 0
z xy x3

 ∈ AutT3∗05,
then
φT

 0 0 α1α2 α3 0
−3α3 0 0

φ =

 α∗ α∗∗ α∗1α∗2 α∗3 0
−3α∗3 0 0

 ,
where
α∗1 = α1x
4,
α∗2 = x
2(α2x− 2α3y),
α∗3 = α3x
4.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
3∑
i=1
α∗i∇i.
We are interested in θ with (α2, α3) 6= (0, 0).Moreover, the condition θ ∈ T1(T305) gives us (α1, α3) 6= (0, 0).
Let θ be as above. Consider two mutually exclusive cases:
(1) α3 = 0. The conditions above imply that α1 6= 0, α2 6= 0. Then choosing x = α2α1 ,we have the representative 〈∇1+∇2〉.
(2) α3 6= 0. Choosing x = 14√α3 and y =
α2
2 4
√
α53
we have the family of representatives 〈α∇1 +∇3〉.
Summarizing, we have the following distinct orbits:
〈∇1 +∇2〉, 〈α∇1 +∇3〉.
They correspond to the following algebras:
T
4
37 : e1e1 = e2, e1e2 = e3, e1e3 = e4, e2e1 = e4;
T
4
38(α) : e1e1 = e2, e1e2 = e3, e1e3 = αe4, e2e2 = e4, e3e1 = −3e4.
1.4.7. 1-dimensional central extensions ofT301(λ).
(1) λ 6= 0.
Let us use the following notations
∇1 = [∆12],∇2 = (λ− 1)[∆13] + 3[∆31],∇3 = [∆13] + [∆22].
Take θ =
∑3
i=1 αi∇i ∈ H2T(T301). If
φ =

x 0 0y x2 0
z (λ+ 1)xy x3

 ∈ AutT301,
then
φT

 0 α1 (λ− 1)α2+α30 α3 0
3α2 0 0

φ =

 α∗ α∗1 + λα∗∗ (λ− 1)α∗2+α∗3α∗∗ α∗3 0
3α∗2 0 0

 ,
where
α∗1 = x
2(α1x+ (2α3 − (λ + 1)(2λ+ 1)α2)y),
α∗2 = α2x
4,
α∗3 = α3x
4.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
3∑
i=1
α∗i∇i.
The condition θ ∈ T1(T301(λ)) gives us (α2, α3) 6= (0, 0).
(a) (λ+ 1)(2λ+ 1) 6= 0.
(i) α3 6= 0.
(A) α2 6= 2(λ+1)(2λ+1)α3. Then choosing x = 14√α3 and y = −
α1x
2α3−(λ+1)(2λ+1)α2 , we obtain the family of
representatives of distinct orbits 〈α∇2 +∇3〉, where α 6= 2(λ+1)(2λ+1) .
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(B) α2 =
2
(λ+1)(2λ+1)α3. Then we have two representatives
〈
2
(λ+1)(2λ+1)∇2 + ∇3
〉
and
〈
∇1 +
2
(λ+1)(2λ+1)∇2 +∇3
〉
depending on whether α1 = 0 or not. For convenience, we shall join the repre-
sentative
〈
2
(λ+1)(2λ+1)∇2 +∇3
〉
with the family 〈α∇2 +∇3〉α6= 2
(λ+1)(2λ+1)
found above.
(ii) α3 = 0. Then α2 6= 0. Choosing y = α1x(λ+1)(2λ+1)α2 , we obtain the representative 〈∇2〉.
(b) (λ+ 1)(2λ+ 1) = 0.
(i) α3 6= 0. Then choosing x = 14√α3 and y = −
α1x
2α3
, we obtain the family of representatives of distinct orbits
〈α∇2 +∇3〉.
(ii) α3 = 0. Then α2 6= 0. So, we obtain two representatives 〈∇2〉 and 〈∇1+∇2〉 depending on whether α1 = 0
or not.
Summarizing, in the case (1) we have the following distinct orbits:
〈∇1 +∇2〉λ∈{−1,− 12 },
〈
∇1 + 2
(λ+ 1)(2λ+ 1)
∇2 +∇3
〉
λ6∈{−1,− 12 ,0}
, 〈∇2〉λ6=0, 〈α∇2 +∇3〉λ6=0.
(2) λ = 0. Let us use the following notations
∇1 = [∆12],∇2 = −[∆13] + 3[∆31],∇3 = [∆13] + [∆22],∇4 = [∆23].
Take θ =
∑4
i=1 αi∇i ∈ H2T(T301(0)). If
φ =

x 0 0y x2 0
z xy x3

 ∈ AutT301(0),
then
φT

 0 α1 −α2+α30 α3 α4
3α2 0 0

φ =

 α∗ α∗1 −α∗2+α∗3α∗∗ α∗3 α∗4
3α∗2 0 0

 ,
where
α∗1 = x(x
2α1 − xy(α2−2α3) + y2α4),
α∗2 = α2x
4,
α∗3 = x
3(xα3+yα4),
α∗4 = α4x
5.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
4∑
i=1
α∗i∇i.
The condition θ ∈ T1(T301(0)) gives us (α2, α3, α4) 6= (0, 0, 0).
(a) α4 6= 0. Then choosing y = −α3xα4 we have the family of representatives 〈α⋆1∇1 + α∗2∇2 + α∗4∇4〉, where
α⋆1 =
x3
α4
(α1α4+α2α3−α23).
(i) α2 6= 0. Then we have the family of representatives of distinct orbits 〈α∇1 +∇2 +∇4〉.
(ii) α2 = 0. Then we have two representatives 〈∇4〉 and 〈∇1+∇4〉 depending on whether α1α4+α2α3−α23 = 0
or not.
(b) α4 = 0.
(i) α2−2α3 6= 0. Then choosing y = α1xα2−2α3 we have the representative 〈∇2〉 and the family of representatives
of distinct orbits 〈α∇2 +∇3〉α6=2 depending on whether α3 = 0 or not.
(ii) α2−2α3 = 0. Then we have two representatives 〈2∇2 +∇3〉 and 〈∇1+2∇2 +∇3〉 depending on whether
α1 = 0 or not. The representative 〈2∇2 +∇3〉 will be joined with the family 〈α∇2 +∇3〉α6=2.
Summarizing, in the case (2) we have the following distinct orbits:
〈∇1+2∇2 +∇3〉λ=0, 〈α∇1 +∇2 +∇4〉λ=0, 〈∇1 +∇4〉λ=0, 〈∇2〉λ=0, 〈α∇2 +∇3〉λ=0, 〈∇4〉λ=0.
Now, taking into account the both cases (1) and (2), we have the following distinct orbits:
〈∇1 +∇2〉λ∈{−1,− 12},〈
∇1 + 2(λ+1)(2λ+1)∇2 +∇3
〉
λ6∈{−1,− 12}
,
〈α∇1 +∇2 +∇4〉λ=0,
〈∇1 +∇4〉λ=0,
〈∇2〉,
〈α∇2 +∇3〉, 〈∇4〉λ=0.
Observe that
〈
∇1 + 2(λ+1)(2λ+1)∇2 +∇3
〉
= 〈(λ + 1)(2λ + 1)∇1 + 2∇2 + (λ + 1)(2λ + 1)∇3〉, the latter being 〈∇2〉,
when λ ∈ {−1,− 12}. Now, if λ 6∈ {−1,− 12}, then Orb〈∇2〉 = Orb〈∇1 +∇2〉. Thus, we may reorganize our orbits as follows:
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〈∇1 +∇2〉,
〈(λ+ 1)(2λ+ 1)∇1 + 2∇2 + (λ+ 1)(2λ+ 1)∇3〉,
〈α∇1 +∇2 +∇4〉λ=0,
〈∇1 +∇4〉λ=0,
〈α∇2 +∇3〉,
〈∇4〉λ=0.
The corresponding algebras are:
T
4
39(λ) : e1e1 = e2, e1e2 = λe3 + e4, e1e3 = (λ− 1)e4,
e2e1 = e3, e3e1 = 3e4;
T
4
40(λ) : e1e1 = e2, e1e2 = λe3 + (λ+ 1)(2λ+ 1)e4, e1e3 = (2λ
2 + 5λ− 1)e4,
e2e1 = e3, e2e2 = (λ+ 1)(2λ+ 1)e4, e3e1 = 6e4;
T
4
41(α) : e1e1 = e2, e1e2 = αe4, e1e3 = −e4,
e2e1 = e3, e2e3 = e4, e3e1 = 3e4;
T
4
42 : e1e1 = e2, e1e2 = e4, e2e1 = e3, e2e3 = e4;
T
4
43(λ, α) : e1e1 = e2, e1e2 = λe3, e1e3 = (α(λ − 1)+1)e4,
e2e1 = e3, e2e2 = e4, e3e1 = 3αe4;
T
4
44 : e1e1 = e2, e2e1 = e3, e2e3 = e4.
2. THE GEOMETRIC CLASSIFICATION OF NILPOTENT TERMINAL ALGEBRAS
2.1. Degenerations of algebras. Given an n-dimensional vector spaceV, the set Hom(V⊗V,V) ∼= V∗⊗V∗⊗V is a vector
space of dimension n3. This space inherits the structure of the affine varietyCn
3
. Indeed, let us fix a basis e1, . . . , en ofV. Then
any µ ∈ Hom(V ⊗V,V) is determined by n3 structure constants cki,j ∈ C such that µ(ei ⊗ ej) =
∑n
k=1 c
k
i,jek. A subset of
Hom(V ⊗V,V) is Zariski-closed if it can be defined by a set of polynomial equations in the variables cki,j (1 ≤ i, j, k ≤ n).
The general linear groupGL(V) acts by conjugation on the variety Hom(V ⊗V,V) of all algebra structures onV:
(g ∗ µ)(x ⊗ y) = gµ(g−1x⊗ g−1y),
for x, y ∈ V, µ ∈ Hom(V ⊗ V,V) and g ∈ GL(V). Clearly, the GL(V)-orbits correspond to the isomorphism classes
of algebras structures on V. Let T be a set of polynomial identities which is invariant under isomorphism. Then the subset
L(T ) ⊂ Hom(V⊗V,V) of the algebra structures onV which satisfy the identities in T isGL(V)-invariant and Zariski-closed.
It follows that L(T ) decomposes into GL(V)-orbits. The GL(V)-orbit of µ ∈ L(T ) is denoted by O(µ) and its Zariski closure
by O(µ).
LetA andB be two n-dimensional algebras satisfying the identities from T and µ, λ ∈ L(T ) representA andB respectively.
We say that A degenerates to B and write A → B if λ ∈ O(µ). Note that in this case we have O(λ) ⊂ O(µ). Hence, the
definition of a degeneration does not depend on the choice of µ and λ. It is easy to see that any algebra degenerates to the algebra
with zero multiplication. If A → B and A 6∼= B, then A → B is called a proper degeneration. We write A 6→ B if λ 6∈ O(µ)
and call this a non-degeneration. Observe that the dimension of the subvariety O(µ) equals n2 − dimDer(A). Thus if A → B
is a proper degeneration, then we must have dimDer(A) > dimDer(B).
Let A be represented by µ ∈ L(T ). Then A is rigid in L(T ) if O(µ) is an open subset of L(T ). Recall that a subset of a
variety is called irreducible if it cannot be represented as a union of two non-trivial closed subsets. A maximal irreducible closed
subset of a variety is called an irreducible component. It is well known that any affine variety can be represented as a finite union
of its irreducible components in a unique way. The algebraA is rigid in L(T ) if and only if O(µ) is an irreducible component of
L(T ).
In the present work we use the methods applied to Lie algebras in [12, 13]. To prove degenerations, we will construct
families of matrices parametrized by t. Namely, let A and B be two algebras represented by the structures µ and λ from L(T ),
respectively. Let e1, . . . , en be a basis of V and c
k
i,j (1 ≤ i, j, k ≤ n) be the structure constants of λ in this basis. If there exist
aji (t) ∈ C (1 ≤ i, j ≤ n, t ∈ C∗) such that the elements Eti =
∑n
j=1 a
j
i (t)ej (1 ≤ i ≤ n) form a basis of V for any t ∈ C∗,
and the structure constants cki,j(t) of µ in the basis E
t
1, . . . , E
t
n satisfy lim
t→0
cki,j(t) = c
k
i,j , then A → B. In this case Et1, . . . , Etn
is called a parametric basis forA→ B.
To prove a non-degenerationA 6→ B we will use the following lemma (see [12]).
Lemma 14. Let B be a Borel subgroup of GL(V) and R ⊂ L(T ) be a B-stable closed subset. If A → B and A can be
represented by µ ∈ R then there is λ ∈ R that representsB.
In particular, it follows from Lemma 14 thatA 6→ B, whenever dim(A2) < dim(B2).
When the number of orbits under the action of GL(V) on L(T ) is finite, the graph of primary degenerations gives the whole
picture. In particular, the description of rigid algebras and irreducible components can be easily obtained. Since the variety of
4-dimensional nilpotent terminal algebras contains infinitely many non-isomorphic algebras, we have to fulfill some additional
work. Let A(∗) := {A(α)}α∈I be a family of algebras and B be another algebra. Suppose that, for α ∈ I , A(α) is represented
by a structure µ(α) ∈ L(T ) and B is represented by a structure λ ∈ L(T ). Then byA(∗)→ B we mean λ ∈ ∪{O(µ(α))}α∈I ,
and byA(∗) 6→ B we mean λ 6∈ ∪{O(µ(α))}α∈I .
Let A(∗), B, µ(α) (α ∈ I) and λ be as above. To prove A(∗) → B it is enough to construct a family of pairs (f(t), g(t))
parametrized by t ∈ C∗, where f(t) ∈ I and g(t) =
(
aji (t)
)
i,j
∈ GL(V). Namely, let e1, . . . , en be a basis of V and cki,j
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(1 ≤ i, j, k ≤ n) be the structure constants of λ in this basis. If we construct aji : C∗ → C (1 ≤ i, j ≤ n) and f : C∗ → I such
that Eti =
∑n
j=1 a
j
i (t)ej (1 ≤ i ≤ n) form a basis of V for any t ∈ C∗, and the structure constants cki,j(t) of µ
(
f(t)
)
in the
basis Et1, . . . , E
t
n satisfy lim
t→0
cki,j(t) = c
k
i,j , thenA(∗)→ B. In this case, Et1, . . . , Etn and f(t) are called a parametric basis and
a parametric index for A(∗) → B, respectively. In the construction of degenerations of this sort, we will write µ(f(t)) → λ,
emphasizing that we are proving the assertion µ(∗)→ λ using the parametric index f(t).
Through a series of degenerations summarized in the table below by the corresponding parametric bases and indices, we
obtain the main result of the second part of the paper.
Theorem 15. The variety of 4-dimensional complex nilpotent terminal algebras has 3 irreducible components: one of dimension
17 determined by the family of algebras D401(λ, α, β) and two of dimension 15 determined by the families of algebras T
4
41(α)
andT443(λ, α).
Proof. Thanks to [21] the algebras L2, L5, L11 and N3(α) define irreducible components in the variety of 4-dimensional
nilpotent Leibniz algebras. Note that in [21] right Leibniz algebras were considered, and here we use their opposite versions
which are left Leibniz algebras (and hence are terminal):
N3(α) : e1e1 = e4 e1e2 = −αe4 e2e1 = αe4 e2e2 = e4 e3e3 = e4
L2 : e1e1 = e2 e1e2 = e3 e1e3 = e4
L5 : e1e1 = e3 e1e2 = e3 e2e2 = e4 e1e3 = e4
L11 : e1e1 = e4 e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e1 = −e4.
The list of all 4-dimensional nilpotent non-Leibniz terminal algebras was found in Theorem 13. All these algebras degenerate
from one of the families: D401(λ, α, β), T
4
41(α) orT
4
43(λ, α), as it is shown in the table below. By a straightforward computation
we have dimDer(D401(λ, α, β)) = 2 for α, β 6= 0, and dimDer(D401(λ, α, β)) > 2 otherwise. Hence, the closure of the
orbit of D401(λ, α, β) has dimension 4
2 − 2 + 3 = 17. A similar argument yields that the dimensions of the orbit closures of
T
4
41(α) and T
4
43(λ, α) are both equal to 15 < 17. In particular, this shows that D
4
01(λ, α, β) cannot degenerate from T
4
41(α) or
T
4
43(λ, α). Moreover,T
4
41(α) and T
4
43(λ, α) do not degenerate from D
4
01(λ, α, β), since the squares of T
4
41(α) and T
4
43(λ, α)
have dimension 3, while the square ofD401(λ, α, β) has dimension 2 < 3. This completes the proof of the theorem.
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Table. Degenerations of 4-dimensional nilpotent terminal algebras.
T
4
03
(
1
1−t
)
→ N3(α) Et1 = 2αt√t−1 e1 − αt
√
t− 1e2 + αt
√
t− 1e3 Et3 = te3 + t4
(
1 + 1−t
α2
− t
)
e4
Et2 = −t
√
t− 1e2 + t
√
t− 1e3 Et4 = t2e4
T
4
38
(
t−1
)
→ L2 Et1 = e1 Et3 = e3
Et2 = e2 E
t
4 = t
−1e4
D
4
01
(
2t−1, t−1, t
)
→ L5 Et1 = 2e1 − 2e2 − 2e3 Et3 = 4te3 − 4t−1e4
Et2 = −2te2 − 2e3 Et4 = 8e4
D
4
01
(
− 1
2
, 1, 1+t
2
4
)
→ L11 Et1 = 4t−1e1 − 2t−1e2 Et3 = −8t−1e3 + 32t−3e4
Et2 = 4e2 − 8t−2e3 Et4 = 32t−2e4
T
4
43 (0, 0) → T401 Et1 = te1 Et3 = e3
Et2 = t
2e2 E
t
4 = e4
T
4
43 (0, 0) → T402 Et1 = te1 + 12 t
−2e2 Et3 = t
3e3 +
1
2
e4
Et2 = t
2e2 +
1
2
t−1e3 + 14 t
−4e4 Et4 = e4
D
4
01
(
0, t + α−1, t
)
→ T403(α) Et1 = α2te2 Et3 = α3t2(e1 − e2)
Et2 = α
4t2e3 E
t
4 = α
6t4e4
T
4
03 (α) → T404(α) Et1 = t−1e1 Et3 = t−1e3
Et2 = t
−2e2 Et4 = t
−3e4
T
4
07
(
1
t−1
)
→ T405 Et1 =
(t−1)2
1−3t+t2 e1 +
(t−1)3
(1−3t+t2)2 e2 + te3 E
t
2 =
(t−1)4
(1−3t+t2)2 e2 +
(t−1)4t
(1−3t+t2)2 e4
Et3 = −
(t−1)4
t(1−3t+t2)2 e2 + e3 E
t
4 = −
(t−1)3
(1−3t+t2)2 e4
T
4
03 (t) → T406 Et1 = t−11+t2 e1 +
t2−1
(1+t2)2
e2 +
1−t
1+t2
e3 E
t
3 =
(1−t)t
1+t2
e3
Et2 =
(t−1)2
(1+t2)2
e2 +
(1−t)3
(1+t2)3
e4 E
t
4 =
(1−t)3t
(1+t2)3
e4
T
4
03 (α) → T407(α) Et1 = − 11+α e1 − 1(1+α)2 e2 +
1
1+α
e3 E
t
2 =
1
(1+α)2
e2 +
1
(1+α)3
e4
Et3 = t
−1(e2 − (1 + α)e3) Et4 = − 1t(1+α) e4
T
4
03 (−1) → T408 Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−2e2 Et4 = t
−4e4
T
4
03
(
t + t4
)
→ T409 Et1 = t−1t2+t5 e1 +
t−1
t3(1+t3)2
e2 +
1−t
t2+t5
e3 E
t
3 = −
(t−1)(−1+t−t2−t3+2t4+t7)
t(1+t3)2(−1+t+t4) e3
Et2 =
(t−1)2
t4(1+t3)2
e2 +
t−1
(1+t3)2
e3 E
t
4 = −
(t−1)2(−1+t−t2−t3+2t4+t7)
t5(1+t3)4
e4
T
4
03(α) → T410(α) Et1 = t−2e1 Et3 = t−3e3
Et2 = t
−4e2 Et4 = t
−7e4
T
4
03(1 + t
−2) → T411 Et1 = t3e1 Et3 = t5e3
Et2 = t
6e2 − t6e3 Et4 = t9e4
T
4
41(t
−1) → T412 Et1 = 3e1 + 3e2 Et3 = 3t−1e3 + 9t−1e4
Et2 = 9e2 + 9e3 + 9t
−1e4 Et4 = 27t
−1e4
T
4
12 → T413 Et1 = e1 Et3 = t−1e3
Et2 = e2 E
t
4 = t
−1e4
T
4
03(1/t) → T414 Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−2e2 Et4 = t
−5e4
27
T
4
03(
1−t
α
) → T415(α) Et1 = e1 + αt(α−1+t) e2 − αt(α−1+t) e3 E
t
3 =
1−t
α−1+t e3 +
α(αt−1+t2)
t3(α−1+t)2 e4
Et2 = e2 +
(t−1)t
α−1+t e3 E
t
4 =
−1+t
t(α−1+t) e4
T
4
03(1 + t) → T416 Et1 = t(1+t)X2 e1 +
1−t
(1+t)X3
e2 +
1
(1+t)X2
e3 E
t
3 =
t
(1+t)X3
e3
X = −1 + t + t2 Et2 = t
2
(1+t)2X4
e2 +
1+t−t2
(1+t)2X5
e4 E
t
4 =
t2
(1+t)2X6
e4
T
4
03(
1
1−t2 ) → T
4
17(α) E
t
1 = t
2Xe1 + t
2(−1 + t2)X2e2 + (t2 − t4)X2e3 Et3 = t3X2e3
X = (−1 + α + t2)−1 Et2 = t4X2e2 + t4(t2 − 1)(α + t2)X4e4 Et4 = t6X4e4
T
4
19 → T418 Et1 =
√
1 − t2e1 + te2 − te3 Et3 = e3
Et2 = e2 E
t
4 =
√
1 − t2e4
T
4
23(t
−1,−t− 1) → T419 Et1 = t2e1 − t
3
t+1
e3 E
t
3 = t
4e3
Et2 = t
2e2 E
t
4 = t
5e4
T
4
23(it
−1, t−1) → T420 Et1 = te1 Et3 = t2e3
Et2 = te2 E
t
4 = t
2e4
T
4
20 → T421 Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
T
4
23(α, β) → T422(α, β) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
01
(
β2t−2, t + α, t
)
→ T423(α, β) Et1 = t2β−2(e1 − e2) Et3 = t2β−2e3
Et2 = tβ
−1e2 Et4 = t
4β−4e4
T
4
23(α,−(α+ 1)t) → T424(α) Et1 = te1 − t(α+ 1)−1e3 Et3 = t2e3
Et2 = te2 E
t
4 = t
3e4
T
4
23(−1, t) → T425(α) Et1 = e1 + αt−1e3 Et3 = e3
Et2 = e2 E
t
4 = e4
T
4
23(t, i) → T426(α) Et1 = iα+i e1 − αi(α+i)2t e3 E
t
3 = − 1(α+i)2 e3 +
α
(α+i)3t
e4
Et2 =
i
α+i
e2 − α(α+i)2t e3 E
t
4 = − i(α+i)3 e4
T
4
23
(
(α2+1)t
α−t , α
)
→ T427(α) Et1 = te1 +
(t−α)t
α(α2+1)
e3 E
t
3 = t
2e3 − α(t−α)t
2
α2+1
e4
Et2 = te2 −
(t−α)t
α2+1
e3 E
t
4 = t
3e4
T
4
23
(
iα(1−t)
t
, α
√
1−t
t
)
→ T428(α) Et1 =
α2(t−1)
t
(
−ie1 + 1√1−t e2 − (α− i)e3
)
Et3 = −
α4(t−1)
t
e3
Et2 =
α2(t−1)
t
(−e1 + i
√
1 − te2 + e3) Et4 =
α6(t−1)2
t2
e4
T
4
28(α) → T429(α) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
T
4
23
(
1, (1 − α)√t− 1) → T430(α) Et1 = (α−1)t(t−1)D
(
−e1 + 1√t−1 e2 −
(α−2)t−α+1
D
e3
)
D = α2t2 − 2α2t− 2αt2 + α2 + 2αt + t2 + 2t− 1 Et2 =
i(α−1)t(t−1)
D
(
e1 +
√
t− 1e2 − (α−1)t
2−(2α−3)t+α−1
D
e3
)
Et3 =
(α−1)2(t−1)t3
D2
(
e3 +
((α−1)t−α)(α−1)(t−1)
D
e4
)
Et4 =
i(α−1)3(t−1)2t4
D3
e4
T
4
30(α) → T431(α) Et1 = −
i(α2−1)
αt
e1 − iαt e3 E
t
3 = −
(α2−1)2
α2t2
e3 − i(α+1)
2(α−1)
αt2
e4
Et2 = −
i(α2−1)
αt
e2 +
1
t
e3 E
t
4 = i
(α2−1)3
α3t3
e4
T
4
23(
√
t− 1 + 1, 1) → T432 Et1 = 1(√t−1+1)2
(
e1 −
√
t− 1e2 −
√
t−1
(
√
t−1+1)2 e3
)
Et3 =
t
(
√
t−1+1)4 e3
Et2 =
i
(
√
t−1+1)2
(
−e1 − 1√t−1 e2 +
√
t−1
(
√
t−1+1)2 e3
)
Et4 = − it(√t−1+1)6 e4
T
4
23(
√
t− 1− 1, 1) → T433 Et1 = 1t
(
e1 −
√
t− 1e2 −
√
t−1
t
e3
)
Et3 =
1
t
e3
Et2 =
i
t
(
−e1 − 1√t−1 e2 +
√
t−1
t
e3
)
Et4 = − it2 e4
T
4
23(
√
t− 1− 1, 1) → T434 Et1 =
√
t−1−1
t
√
t−1−t+2
(
e1 −
√
t− 1e2 −
√
t−1(t√t−1−t+4)
t(t
√
t−1−t+2) e3
)
Et2 =
i(
√
t−1−1)
t
√
t−1−t+2
(
−e1 − 1√t−1 e2 +
t2−t√t−1−3t+4√t−1
t(t
√
t−1−t+2) e3
)
Et3 =
(
√
t−1−1)2
(t
√
t−1−t+2)2
(
te3 +
2
√
t−1(t−√t−1)
t
√
t−1−t+2 e4
)
Et4 = −
it(
√
t−1−1)3
(t
√
t−1−t+2)3 e4
D
4
01
(
1
4
, 1
2t
, 1
t
)
→ T435 Et1 = −t−1(2e1 − e2 − 2e3) Et3 = −2t−1e3
Et2 = t
−1(2e1 − (2t + 1)e2 − 4e3) Et4 = 4t−2e4
T
4
35 → T436 Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
T
4
38
(
t−1
)
→ T437 Et1 = e1 − 12t e2 Et3 = e3 − 12t (1 + 1t )e4
Et2 = e2 − 12t e3 + 14t2 e4 E
t
4 =
1
t
e4
T
4
43
(
(1− α)(t+ 1)t−1, t(α− 1)−1
)
→ T438(α) Et1 = e1 Et3 = (1 − α)t−1e3
Et2 = e2 E
t
4 = e4
T
4
43
(
λ + t,−t−1
)
→ T439(λ) Et1 = e1 −De2
D = (2t2 + (4λ + 5)t + 2λ2 + 3λ + 1)−1 Et2 = e2 − (t + λ+ 1)De3 +D2e4
Et3 = e3 + t
−1(2t + 3λ + 3)De4
Et4 = −t−1e4
T
4
43
(
λ + t, 2
(λ+1)(2λ+1)
)
→ T440(λ) Et1 = e1 − 12 (λ + 1)(2λ + 1)De2
D = (t(2t + 4λ + 3))−1 Et2 = e2 − 12 (λ + 1)(2λ + 1)(t + λ + 1)De3 + 14 (λ + 1)2(2λ + 1)2D2e4
Et3 = e3 − 12 (6t + 2λ2 + 9λ + 7)De4
Et4 =
1
(λ+1)(2λ+1)
e4
T
4
41(t
−2) → T442 Et1 = t−1e1 + t−1e2 Et3 = t−3e3 + 3t−3e4
Et2 = t
−2e2 + t−2e3 + t−4e4 Et4 = t
−5e4
T
4
41(0) → T444 Et1 = t−1e1 + t−1e2 Et3 = t−3e3 + 3t−3e4
Et2 = t
−2e2 + t−2e3 Et4 = t
−5e4
D
4
01 (λ,α, β) → D402 (λ,α, β) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
01
(
λ−t
(t−1)2 , t− αt, α− αt
)
→ D403 (λ,α) Et1 =
(1−α)α(−1+t)2t
1+α2λ+t−α(1+t) e1 +
(−1+α)α(−1+t)t2
1+α2λ+t−α(1+t) e2 −
(−1+α)2α(−1+t)2t
(1+α2λ+t−α(1+t))2 e3
Et2 =
(−1+α)α(−1+t)t
1+α2λ+t−α(1+t) e2 −
(−1+α)α2(−1+t)2t
(1+α2λ+t−α(1+t))2 e3
28
Et3 =
(−1+α)2α2(−1+t)2t2
(1+α2λ+t−α(1+t))2 e3 +
(−1+α)2α4(−1+t)4t2
(1+α2λ+t−α(1+t))3 e4
Et4 = −
(−1+α)3α3(−1+t)4t3
(1+α2λ+t−α(1+t))3 e4
D
4
01 (λ, 0, α) → D404 (λ,α) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
01
(
λ, t, 1+
√
1−4λ
2λ
)
→ D405 (λ,α) Et1 = − 1+
√
1−4λ
D
e1 +
(1+
√
1−4λ)(D−2λα)
tD2
e3 E
t
3 =
(1+
√
1−4λ)2
D2
e3 − (1+
√
1−4λ)4
2λtD3
e4
D = 1 +
√
1− 4λ + 2λ(−1 + α+ αt) Et2 = − 1+
√
1−4λ
D
e2 +
(1+
√
1−4λ)2
tD2
e3 E
t
4 = −
(1+
√
1−4λ)3
D3
e4
D
4
01
(
λ, t, 1−
√
1−4λ
2λ
)
→ D406 (λ,α) Et1 = − 1−
√
1−4λ
D
e1 +
(1−√1−4λ)(D−2λα)
tD2
e3 E
t
3 =
(1−√1−4λ)2
D2
e3 − (1−
√
1−4λ)4
2λtD3
e4
D = 1−√1 − 4λ + 2λ(−1 + α+ αt) Et2 = − 1−
√
1−4λ
D
e2 +
(1−√1−4λ)2
tD2
e3 E
t
4 = −
(1−√1−4λ)3
D3
e4
D
4
01
(
λ, t, 1+
√
1−4λ
2λ
)
→ D407 (λ) Et1 = −
D−(1+√1−4λ)λ
Dλ(1+t)
e1 +
2(D−(1+√1−4λ)λ)(D−2(1+√1−4λ)λ+2λ2)
D3λ(1+t)2
e3
D = 1 +
√
1− 4λ− 2λ Et2 = −
D−(1+√1−4λ)λ
Dλ(1+t)
e2
Et3 =
(D−(1+√1−4λ)λ)2
D2λ2(1+t)2
e3 E
t
4 =
(D−(1+√1−4λ)λ)3
D3λ3(1+t)3
e4
D
4
01
(
λ, t, 1−
√
1−4λ
2λ
)
→ D408 (λ) Et1 = −
D−(1−√1−4λ)λ
Dλ(1+t)
e1 +
2(D−(1−√1−4λ)λ)(D−2(1−√1−4λ)λ+2λ2)
D3λ(1+t)2
e3
D = 1−√1 − 4λ− 2λ Et2 = −
D−(1−√1−4λ)λ
Dλ(1+t)
e2
Et3 =
(D−(1−√1−4λ)λ)2
D2λ2(1+t)2
e3 E
t
4 = −
(D−(1−√1−4λ)λ)3
D3λ3(1+t)3
e4
D
4
01
(
λ−t
(t−1)2 , α− t
2, t− t2
)
→ D409 (λ,α) Et1 = (1 − t)2t(t2 − α)De1 + (1 − t)t2(t2 − α)De2 + (t− 1)3t(α− t2)D2e3
D = (−1 + α(−1 + t) + t− λt2)−1 Et2 = (1 − t)t(−α+ t2)De2 − (−1 + t)2t2(−α+ t2)D2e3
Et3 = (1 − t)2t2(α− t2)2D2e3 + (1 − t)4t4(α− t2)2D3e4
Et4 = (1 − t)4(t3 − αt)3D3e4
D
4
09 (λ,α) → D410 (λ,α) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
01
(
λ−t
(t−1)2 , t
2 − 1, t2 − t
)
→ D411 (λ,α) Et1 = (1 − t)3(1 + t)De1 + (1− t)2t(1 + t)De2 − α(1− t)3(1 + t)2D2t−1e3
D = (1 + αλt− t2)−1 Et2 = (1 − t)2(1 + t)De2 − α(1 − t)3(1 + t)D2e3
Et3 = (1 − t)4(1 + t)2D2e3 + α(1− t)6t(1 + t)2D3e4
Et4 = (1 − t)7(1 + t)3D3e4
D
4
01
(
λ
(
1 − αt
Θ2
)
, 1
Θ
(
α+ λ
t
)
, 1
t
)
→ D412 (λ,α) Et1 = −αΘt−1e1 + αλt−1e2 + α(Θ − α)t−1e3 Et3 = −α3t−1e3
Et2 = −αt−1e1 + α(αt + λ)(Θt)−1e2 + αt−1e3 Et4 = α4t−2e4
D
4
01
(
λ
(
1 − αt
Ψ2
)
, 1
Ψ
(
α+ λ
t
)
, 1
t
)
→ D413 (λ,α) Et1 = −αΨt−1e1 + αλt−1e2 + α(Ψ − α)t−1e3 Et3 = −α3t−1e3
Ψ = 1 − Θ Et2 = −αt−1e1 + α(αt + λ)(Ψt)−1e2 + αt−1e3 Et4 = α4t−2e4
D
4
12 (λ,α) → D414 (λ,α) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
13 (λ,α) → D415 (λ,α) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
01
(
t2, α, t−1
)
→ D416 (α) Et1 = −αDe1 + α(αt− 1)D2e3 Et3 = −α3tD2e3 − α3D3e4
D = ((α2 + α+ 1)t− α − 1)−1 Et2 = −αDe1 + α2tDe2 + α(αt− 1)D2e3 Et4 = α4tD3e4
D
4
01
(
t2,−1, t−1
)
→ D417 (α) Et1 = De1 + ((α− 2)t + α)D2e3 Et3 = tD2e3 + αD3e4
D = ((α+ 1)t)−1 Et2 = De1 + tDe2 + ((α− 1)t + α)D2e3 Et4 = tD3e4
D
4
01
(
λ
(
1 + t
Θ2
)
, α+ Ψ, 1
)
→ D418 (λ,α) Et1 = tΘ3D(α+ Ψ)
(
e1 − Ψe2 − Θ(Θ2α+ αt + λ)De3
)
D = (αt2 + Θα(α+Θ)t + Θ2(α+ 1)(Θα +Ψ))−1 Et2 = tΘ(α+Ψ)D
(
Θe1 + (t− λ)e2 − (t2 + (α− Ψ)Θt +Θ(Θα+Ψ)Θ2)De3
)
Ψ = 1 − Θ Et3 = t3Θ4(α+ Ψ)2D2 (e3 − Θ(Θα+ t)De4)
Et4 = t
4Θ6(α+ Ψ)3D3e4
D
4
01
(
λ
(
1 + t
Ψ2
)
, α+ Θ, 1
)
→ D419 (λ,α) Et1 = tΨ3D(α+ Θ)
(
e1 − Θe2 − Ψ(Ψ2α+ αt + λ)De3
)
D = (αt2 + Ψα(α+Ψ)t + Ψ2(α+ 1)(Ψα +Θ))−1 Et2 = tΨ(α+Θ)D
(
Ψe1 + (t− λ)e2 − (t2 + (α− Θ)Ψt +Ψ(Ψα+Θ)Ψ2)De3
)
Ψ = 1 − Θ Et3 = t3Ψ4(α+ Θ)2D2 (e3 − Ψ(Ψα+ t)De4)
Et4 = t
4Ψ6(α+ Θ)3D3e4
D
4
18 (λ,α) → D420 (λ,α) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
19 (λ,α) → D421 (λ,α) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
01
(
λ
(
1 + t
Θ2
)
,− λ2
Θ3
, 1
)
→ D422 (λ) Et1 = Θ2D(Θe1 − λe2 − ΘλDe3)
D = (Ψ(t− 2λ + 3Θ − 1))−1 Et2 = ΘD
(
Θe1 + (t− λ)e2 − Θ3λ−1((2Θ − 1)t− Θ(2λ+ 1) + 1)De3
)
Ψ = 1 − Θ Et3 = Θ4D2
(
te3 − Θ3λ−1(2Θ − 1)(t− Ψ)De4
)
Et4 = tΘ
6D3e4
D
4
01
(
λ
(
1 + t
Ψ2
)
,− λ2
Ψ3
, 1
)
→ D423 (λ) Et1 = Ψ2D(Ψe1 − λe2 − ΨλDe3)
D = (Θ(t− 2λ + 3Ψ − 1))−1 Et2 = ΨD
(
Ψe1 + (t− λ)e2 − Ψ3λ−1((2Ψ − 1)t− Ψ(2λ+ 1) + 1)De3
)
Ψ = 1 − Θ Et3 = Ψ4D2
(
te3 − Ψ3λ−1(2Ψ − 1)(t− Θ)De4
)
Et4 = tΨ
6λ−1D3e4
D
4
01
(
λ
(
1− t
Θ2
)
,− λ2
Θ3
, 1
)
→ D424 (λ) Et1 = −ΘD
(
Θe1 − λe2 + Θ2De3
)
Et3 = −tΘ2D2e3
D = (t− 2Θ + 1)−1 Et2 = −D
(
Θe1 − (t + λ)e2 + Θ2De3
)
Et4 = tΘ
3D3e4
D
4
01
(
λ
(
1− t
Ψ2
)
,− λ2
Ψ3
, 1
)
→ D425 (λ) Et1 = −ΨD
(
Ψe1 − λe2 + Ψ2De3
)
Et3 = −tΨ2D2e3
D = (t− 2Ψ + 1)−1, Ψ = 1− Θ Et2 = −D
(
Ψe1 − (t + λ)e2 + Ψ2De3
)
Et4 = tΨ
3λ−1D3e4
D
4
01
(
λ
(
1 + t
Θ2
)
,−Θ, 1
)
→ D426 (λ) Et1 = Θt−1
(
Θe1 − λe2 − Θt−1e3
)
Et3 = Θ
2t−1e3
Et2 = t
−1 (Θe1 + (t− λ)e2 − Θ2t−1e3
)
Et4 = Θ
3t−2e4
D
4
01
(
λ
(
1 + t
Ψ2
)
,−Ψ, 1
)
→ D427 (λ) Et1 = Ψt−1
(
Ψe1 − λe2 − Ψt−1e3
)
Et3 = Ψ
2t−1e3
Et2 = t
−1 (Ψe1 + (t− λ)e2 − Ψ2t−1e3
)
Et4 = Ψ
3t−2e4
D
4
01
(
λ
(
1 + t
Θ2
)
,−Θ, 1
)
→ D428 (λ) Et1 = Θ3D
(
Θe1 − λe2 − t−1Θ2(Ψ2t + 4Θλ− Θ)De3
)
D = (Ψt− 2λ +Θ)−1, Ψ = 1− Θ Et2 = Θ2D
(
Θe1 + (t− λ)e2 + t−1Θ((1− 2Θ)t2 +Θ(3λ− 2Ψ)t− Θ2(4λ− 1))De3
)
Et3 = Θ
6D2 (te3 + (2λ− Θ)(t− Θ)De4)
Et4 = tΘ
9D3e4
D
4
01
(
λ
(
1 + t
Ψ2
)
,−Ψ, 1
)
→ D429 (λ) Et1 = Ψ3D
(
Ψe1 − λe2 − t−1Ψ2(Θ2t + 4Ψλ− Ψ)De3
)
29
D = (Θt− 2λ +Ψ)−1, Ψ = 1− Θ Et2 = Ψ2D
(
Ψe1 + (t− λ)e2 + t−1Ψ((1− 2Ψ)t2 +Ψ(3λ− 2Θ)t− Ψ2(4λ− 1))De3
)
Et3 = Ψ
6D2 (te3 + (2λ− Ψ)(t− Ψ)De4)
Et4 = tΨ
9D3e4
D
4
01
(
λ
(
1 −
(
2 + 2λ−1
Θ2
)
t
)
, λ
Θ2
(
1− Θ
t
)
, 1
t
)
→ D430 (λ) Et1 = −D
(
Θe1 − λe2 + tΨ−1De3
)
D =
λ(t−Θ)
t
(
(1−2Θ)t+Θ2
) , Ψ = 1 − Θ Et2 = −D
(
e1 − Θ−1((2Θ − 1)t + λ)e2 + tΨ−1(2t− Θ)(t− Θ)−1De3
)
Et3 = tD
2
(
(1− 2Θ)e3 + Θ2λ−1(t− Θ)−1De4
)
Et4 = tD
3(2Θ − 1)e4
D
4
01
(
λ
(
1 −
(
2 + 2λ−1
Ψ2
)
t
)
, λ
Ψ2
(
1− Ψ
t
)
, 1
t
)
→ D431 (λ) Et1 = −D
(
Ψe1 − λe2 + tΘ−1De3
)
D =
λ(t−Ψ)
t
(
(1−2Ψ)t+Ψ2
) , Ψ = 1 − Θ Et2 = −D
(
e1 − Ψ−1((2Ψ − 1)t + λ)e2 + tΘ−1(2t− Ψ)(t− Ψ)−1De3
)
Et3 = tD
2
(
(1− 2Ψ)e3 + Ψ2λ−1(t− Ψ)−1De4
)
Et4 = tD
3(2Ψ − 1)e4
D
4
30 (λ) → D432 (λ) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
31 (λ) → D433 (λ) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
01
(
t
(t+1)2
, 1, 1 + 1
t
)
→ D434 Et1 = −(t + 1)2De1 + (t + 1)tDe2 + (t + 1)2(t− 1)D2e3
D = (t2 + t− 1)−1 Et2 = −(t + 1)2De1 + (t + 1)2tDe2 + (t + 1)2De3
Et3 = −(t + 1)2t2D2e3 − (t + 1)4tD3e4
Et4 = (t + 1)
4t2D3e4
D
4
01
(
λ, t−1, 1
)
→ D435 (λ) Et1 = t−1e1 Et3 = t−2e3 + (λt2)−1e4
Et2 = t
−1e2 + (λt)−1e3 Et4 = t
−4e4
D
4
35 (λ) → D436 (λ) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
01
(
λ,Θt−1, t−1
)
→ D437 (λ) Et1 = te1 Et3 = t2e3
Et2 = te2 E
t
4 = t
2e4
D
4
01
(
λ, (1− Θ)t−1, t−1
)
→ D438 (λ) Et1 = te1 Et3 = t2e3
Et2 = te2 E
t
4 = t
2e4
D
4
37 (λ) → D439 (λ) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
D
4
38 (λ) → D440 (λ) Et1 = t−1e1 Et3 = t−2e3
Et2 = t
−1e2 Et4 = t
−3e4
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